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Kirchhoff plate bending problem

NFELD

Figure: Geometry of a shell

Unknown: covariant components of the displacement

u= (U,')
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Kirchhoff plate bending problem

plate: S is flat, for simplicity: ¢ = Id

pure bending: uz = w.

dimensional reduction of 3D elasticity for 2 = w x (—1/2,1/2)

find w € W c H?(w) which minimizes

J(W)—;/CVQW:VZWdX—/ngX

with
Ce=2u <5 + (trg)l>

1—v
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Kirchhoff plate bending problem

(kinematic) boundary conditions:

Ow = vc Uys Us

clamped on ¢
if the plate is  simply supported on s then
free on ¢

W={veH*(w): v=0, 9v=00nv, v=0o0nns}.

variational formulation: find w € W such that

/CVZW:Vzvdy—/gvdx forall v e W,
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Kirchhoff plate bending problem

quantities of interest:  w vertical deflection
M = —CV?w bending moments

Mixed variational formulation: Find M € V and w € Q such that
/C1M:Ldy+/L:v2wdyo forall L € V,

/M:Vzvdy :/gvdx forall v e Q,

e.g., with the function spaces

V=LQ)ym Q=W.
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Kirchhoff plate bending problem

An different choice for Q with less smoothness:
if
W={veH?(w): v=0,9,v=00n4, v=00nnms},

then

Q={veH'(w): v=0,0nv, v=00n~s}= HS,WCU“/S(W)'

The choice for V: transposition method
b(v,L) —/ L:V?vdy = (Bv,L) — (B*L,v),
where (B*L,v) is well-defined for v € Q.
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Kirchhoff plate bending problem

The linear operator B:
B:DB)cQ— Y7,

here with
domain D(B) = W and Y = L%(Q)ym,

is a densely defined linear operator and unbounded operator in Q.

Its adjoint operator
B*:DB)cY— Q"
is given by the identity
(B*L,v) = (Bv,L) forallve W

and all L from the domain

D(B*)={Le Y: |(Bv,L)| < c||v|qforall ve D(B)}
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Kirchhoff plate bending problem

standard integration by parts:
/L . V2v dy
—/DivL~Vvdy+/0 (Ln)-Vv ds
:—/DivL-Vvder g Ln: Orv ds + g L, 0Onv ds
? ? Lon =0 on ~vsU~¢
(Lhpn=Ln-n, Ly=0Ln-?
Ow = s:

D(B*) = {L € L?(Q)sym: divDivL € H'(w)}
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Kirchhoff plate bending problem

Let L € L?(Q)sym N C'(w). Then L € D(B*) if and only if

L, =0 on s U ¢

and

[Lnt]x = 0 on interior corner points x of ~+.
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Kirchhoff plate bending problem

Notations for B = V2 = Grad grad:
B* = divDiv, D(B*)= H(divDiv,w; Q" )sym.
with
H(div Div, w; Q")sym

={L e L*(Q)syn:

/L - V2v dy’ < c||Vl|g1( forall v e W}

Observe
H{ (w)sym € H(divDiv, w; Q" )sym € L2(Q)sym

Bernardi/Girault/Maday (1992), Z. (2015), Pechstein/Schéberl (2011),
Rafetseder/Z. (2017)
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Kirchhoff plate bending problem

Mixed variational formulation of

Find M € V and w € Q such that
/C‘1M:Ldy+<divDivL,w)—O forall L e V,
(div Div M, v) = / gvdx forallveQ,

with the function spaces
V — H(dIV DIV, W, Q*)syn“ Q HO{‘YCU"/S( )

equipped with norms |[v||q = [|v|ly and |[Ll[v = [|L|gvDiv;o+» given by

LGy b = HL||i2(Q)
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Kirchhoff plate bending problem

The mixed problem is well-posed in

V x Q = H(divDiv,w; Q" )gym X Hj 1,10 (@)

Corollary

The primal variational problem and the mixed problem are equivalent:

e Ifw € W solves the primal problem,
then M = —CV?w < V and (M, w) solves the mixed problem.

@ If(M,w) € V x Q solves the mixed problem,
then w € W and w solves the primal problem.
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Kirchhoff plate bending problem

Letw be simply connected. M < H(div Div, w; Q") if and only if
M = pl+ symCurl ¢
with
peEQ=Hy  ,(w) and ¢c WV,
with
v, = {7/) e (H'(w))? : (01, VV)r /p onpv ds forallv e W}
b1 Do 5(0202 — 0194 )>
= , symCurl¢ = . 2 ’
¢ <¢2> / ¢ (_12(32¢2 — 01¢1) —01¢2

Krendl/Rafetseder/Z. (2014,2016), Rafetseder/Z. (2017)
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Kirchhoff plate bending problem

Equivalent variational formulation in

2
PeQ=H @), eV (HW), weQ=H . @)

@ Find p € Q such that
/Vp-Vvdy:/‘gvdx forallv € Q.
@ Forgiven p € Q, find ¢ € WV, such that
/ ¢~ 1symCurl ¢ : symCurlv dy = (G[p], ) for all ¢ € Wy.
© For given M = pl + symCurl ¢, find w € Q such that
/ Vw-Vqdy = (H[M],q) forallge Q.
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Decomposition of the problem

@ for o- = (—¢2,¢1)" we obtain
/é‘ <(4) dy = (Glpl,¥) forall y € W

with an appropriately rotated material tensor (' and

—_

cas(¥) = 50300 + 0utss)

decomposition of the Kirchhoff model into

@ Poisson problem
© plane linear elasticity problem
© Poisson problem
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Mindlin-Reissner plates

Mindlin-Reissner model
1 ,
J = 2/ [e=(0): =(0) + pt 2 [Vw — 0P} - / gw dx —> min
Kirchhoff model: 0 = Vw.

J:;/{CVZW:VZW} dx/gwdx — min

decomposition of the Mindlin-Reisser model into

@ Poisson problem
@ Stokes-like problem
© Poisson problem

Brezzi/Fortin 1986
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Kirchhoff-Love shells

variational formulation of the linearized model:

find u € W such that

/

with

3

tCe(u): e(v) + :—QC:@(U) : m(v)] vady = (F,v) forallve W

Wc H (w) x H'(w) x| H*(w) |,

the membrane strain

1
eap(U) = é(ua\ﬁ + Us|a) — bap U3,
the bending strain

~ [Buptt]+ ...
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Kirchhoff-Love shells

quantities of interest:  u displacement
M= % Cr(u)y/a bending moments

= Cr(u)

Mixed variational formulation: Find M € V and u € Q such that
/é—1M:Ldy —(divDiv L, us) /L k'(u)dy =0
—(div Div M, v3) / v) dy — / t Ce(u) : e(v) vady =—(F,v)
forall Le V and v € Q, with the function spaces

V = H(dIV Div, w; Q;)synh
Q= Q1 X Q2 X 037

where Q; ¢ H'(w).
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Numerical results

benchmark examples of the shell obstacle course:
@ Scordelis-Lo roof
@ pinched cylinder
@ pinched hemisphere

midsurface represented as B-spline surfaces

approximation spaces:
@ equal-order approximation for u;, p, ¢
@ single patch: B-splines of maximum smoothness
@ multipatch: C°

implementation in G+Smo (C++ library for IgA)
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Numerical results

Example: Scordelis-Lo roof

L =50
R=125
& =40°
t=0.25 -
E=432-10°

v=0
9=90

Figure: Geometry and load
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Numerical results

Example: Scordelis-Lo roof

Scordelis-Lo roof

3.006e-01

o
N
°

°
°

MH.‘HH\HHMHM
!

o
C0.000e+00 0 200 400 600 800 1000 1200 1400 1600 1800 2000

Figure: Results, 1 patch
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Numerical results

Example: Scordelis-Lo roof

Scordelis-Lo roof (4 patches)
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Figure: Results, 4 patches
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Numerical results

Example: pinched Cylinder

L = 600

R=§00 z =u,=0

t =

E=3-10° y
v=20.3

F=1

Figure: Geometry and load
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Numerical results

Example: pinched Cylinder

1109 Pinched cylinder (4 patches)
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Figure: Results, 4 patches
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Numerical results

Example: pinched Hemisphere

z R=10
t=0.04

E =6.825-107
v=0.3
F=2

fixed

Figure: Geometry and load
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Numerical results

Example: pinched Hemisphere

E9.2489-02 01 Pinched hemisphere (4 patches)
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Figure: Results, 4 patches
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Conclusion and outlook

@ Kirchhoff plate bending problems and similar 4-th order problems
can be decomposed in three (consecutively to solve)
second-order problems.

@ extension to Kirchhoff-Love shell: formulation in H' spaces.

@ work in progress:
e extend the numerical analysis from Kirchhoff plates to

Kirchhoff-Love shells.
e behavior of equal-order discretization method w.r.t. membrane

locking
e extension to Mindlin-Reissner plates and shells
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