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Goal-Objectives

uy — kAu = f in @ + Initial and BCs

» Usually, a separation of the discretizations in space and time is
applied, e.g., we discretize in space and then in time by
Finite-Difference method.

’

In this work:

m We formulate the problem in a setting that does not distinguish
between time and space, The variational setting is space and time.

m We entirely develop a fully discrete scheme in the finite element
frame.

m We stabilize the first-order in time using bubble finite element
spaces.

v
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Q=0x1[0,T]), X=00x(0,T), Zp=Qx{T}, Xg=Qx{0}
u—kAu=f inQ
u=0 on X, and wu(-,0)=ug on X,

where f: Q — R, and ug : Q — R, are known, and u : Q — R is the
unknown, u(x,t). Let /,m be positive integers, we define the spaces

H™(Q) = {u € L*(Q) : 0%u € L*(Q)with0 < |a| < ¢, and
dlue L*(Q),i=1,..,m}
and the subspaces
Hy'(Q) ={u € L*(Q) : V. € [L*(Q)]?, u = 0on %},

Hy3(Q) ={u € L*(Q) : V. € [L*(Q)]%, du € L*(Q),u=00n%, u=0on>

www.oeaw.ac.at I. Toulopoulos , Stabilized FEMS



Johann Radon Institute for Computational and Applied Mathematics

Weak formulation

weak solution

a(u,v) =l(v), for allv € Hy5(Q), with (1.2a)
) / Blaril el 8) da:dt—i—ﬁ/ it 7)) - Vil ) B

(1.2b)

_ /Q e, B, D) (1.2¢)
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Weak formulation

Assumption: u belongs to Voo = Hy(Q) N H*"(Q) with ¢ > 2 and
m > 1.

weak solution satisfies the form

a(u,v) =I(v), for allv € Hy5(Q), with (1.3a)
a(u,v) :/ Owu(x, t)v(zx,t) dxdtJrli/ Vau(z,t) - Vyu(z,t) de dt,

: ¢ (1.3p)

I(v) = /Q Al el (1.3¢)
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Space-Time T},(@) and FE solution
T,(Q) be a regular partition of () into triangular/ quadrilateral.
Vio = {un € Hyy(Q) s vp|p € PY(E), forevery E € T},(Q)},  (1.4)

’find up, € Vi such that : (uh,vh f, vh) Yop € Vo |

x.)=0
LQ \ T

...............

2 | | =
- _rrrm

x

For ~ is small, the coercivity properties can not ensure that the finite
element scheme performs well.
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Stabilized spaces

’ut—mAu:finQ and u=0o0n%, wu(-,0)= onX,

(2.1)

The FE spaces
Vib ={vy € Voo : vhlE € Pl(E) @ Vp(E), forevery E € T,(Q)}, (2.2)

vy, =vi + v}, with v} € Vjo and v} € Vg. (2.3)
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The discrete problem

find up, € Vh,b s.t.: ah(uh,vh) = a(uh,vh) =1F bh(uh,vh) (f, Uh) Yo € V,

a(w,v) :/ Oyw v dx dt + H/ Vaw - Vv dxdt, (2.4a)
Q Q

bh(wb,vb) :9h/ oy’ Ot dz dt, 0 > 0.
Q

1 1
lenlln = (51| Vavill12(g) + 6hlIOw IZa(g) + Sllunllzzen) - (25)

v
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Classical properties

The form ap(-,-) : Vi p x Vi, = Ris V3, ,-coOercive, i.e.,

ah(vh,vh) > Cs H’UhH}Q“ V’Uh € Vh,b- (26)

Let v, € V), . We have that vy, (z,0) = 0 and n;|y, = 0.

Then, by Green’s formula / Oyvp, vy, + vy, Opvy, da dt = / ngvi ds,
Q oQ
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Classical properties

We define the norms

=

lv

1
he = (RlIVav[l72(g) + ORIl 72 o) + 5”””%2(&))

I

[N

1 _
[[v][n,v :(””VIUH%Q(Q) + 0R|00] 72 () + §HU||%2(2T) + (6h) 1”””%2(@)) :

| - |1« is defined for all v € V(.

There is a constant C,(x,0,h) > 0 such that

|la(u, vp)| < Cp(k, 0, h) lullpvllvelln,  V(u,vn) € (Voo X Vap).  (2.7)
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Weak consistency and convergence

Lemma (weak consistency)

Let u;, be the FE solution, v the continuous, and z, < V,; and
Vh € Voo

ap(up, zn) =a(u, zp), and (2.8a)

ah(v}l” 2n) :a(vi, Zp)- (2.8b)

www.oeaw.ac.at I. Toulopoulos , Stabilized FEMS



Johann Radon Institute for Computational and Applied Mathematics

Approximation bounds
(Theorem

Theorem

Under regularity assumptions and choosing 6 > h, exists c.. v,
lu—unlif o < 2y (1,0, 1) lu— 2413 5 + 2, 0, 1) [u = 24[132() [

where i (i, 0,h) = (14 72(k,0,h) + 72(x,0, k) 35,0, h) + 7(x, 0, h) )

and pis(k, 0, h) = (m 0.h) h=2, with3(x,0,h) = (0h)2 v(x, 0, h) and
1

10, 0,1) = (Lp + e

1
2

A
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Approximation bounds: skeleton of the proof

et z, € Vo and oy, = (uy, +up,) — zp,-

Ts

B [lu—unlf . <. < llu=zl7 v + (00) 100w, — BizpllTaq) +lonlli,

Jo Oc((uf, +ub) — 2 — ub) v dadt
A 0., _8tz}1l||L2(Q) < sup Q ! !
VhE€Vh b ”vhHL?(Q)
< ...computations... < y(k,0,h)(|lu — 2t lny + lonlln)-

(2.8)
B 0.7 < an(on,on) = an(un, 1) — an(zp,,0n) = a(u,0n) — a(z}, 00) =
a(u — z,01) < ...many calculations
1 -
<2c:(0h)2 v(k,0,h) [lu— Z}LHIQ'L v +eh™?|lu— Z}le%?(Q) +2e Cinv,HHUhHia
B 7. = 0h |0} - 024113 ) <2525, 0.1) (Ju = 2HlEy + o)

<20 (72050, 0) + 72,0, 1) 3,0, )l — 24113 o +

?2(/1, 0,h) h2|lu — Zh,”L?(Q))'
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Error estimates

B v — T () < Cintp PP T 0] e ),
m|v— ﬂ'th%y <co(kh 24 OR* 4o R 4 h2r71)HvH%[s(Q),

Theorem (error estimates)

Letu € V := Hyy(Q)N H*(Q), with s > 2.The w, satisfies the estimate

|lu — upllns <c1h|ullgs), for 6=h, (2.9)

v

remarks
El The analysis has been derived without tuning ¢ with respect to «,

E The analysis holds for PP=2.
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E Numerical Examples
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hs pzl,/i:1||p:1,/<c:0.005
ho/2° Convergence rates r
5= 0.98 1.61
5= 0.99 1.51
s = 0.99 1.20
5= 0.98 1.35
s = 1.00 1.17
5s=26 0.99 1.05
_ s = 1.00 1.01
Figure: Example 1: The
solution w on Q. Table: The convergence rates 7.
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hs p:2,li:1”p:2,n20.005
ho/2° Convergence rates r
s = 1.73 1.83
s = 1.98 217
s = 2.01 2.04
s=4 2.00 2.05
s = 2.00 2.00
s = 2.00 2.00
s=17 2.00 2.00
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w0 ig8ds
u0 1%

AN

h
? rates
K= k = 0.005
s = 0.98 | 1.35
s=511.00 | 117
s = 0.99 | 1.05
s=711.00 | 1.01
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IsoValue.

KPR
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Conclusions

m A stabilized FE method presented for parabolic problems.

m Optimal convergence rates for smooth solutions and linear
polynomial spaces.
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Conclusions

m A stabilized FE method presented for parabolic problems.

m Optimal convergence rates for smooth solutions and linear
polynomial spaces.
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