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Goal-Objectives

ut − κ∆u = f in Q + Initial and BCs
I Usually, a separation of the discretizations in space and time is
applied, e.g., we discretize in space and then in time by
Finite-Difference method.

In this work:
We formulate the problem in a setting that does not distinguish
between time and space, The variational setting is space and time.
We entirely develop a fully discrete scheme in the finite element
frame.
We stabilize the first-order in time using bubble finite element
spaces.
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Model Parabolic Problem

Q = Ω× [0, T ], Σ = ∂Ω× (0, T ), ΣT = Ω× {T}, Σ0 = Ω× {0}
ut − κ∆u = f in Q

u = 0 on Σ, and u(·, 0) = u0 on Σ0,

where f : Q→ R, and u0 : Ω→ R, are known, and u : Q→ R is the
unknown, u(x, t). Let `,m be positive integers, we define the spaces

H`,m(Q) = {u ∈ L2(Q) : ∂αxu ∈ L2(Q) with 0 ≤ |α| ≤ `, and

∂itu ∈ L2(Q), i = 1, ...,m}
and the subspaces

H1,0
0 (Q) ={u ∈ L2(Q) : ∇x ∈ [L2(Q)]d, u = 0 on Σ},

H1,1
0,0̄ (Q) ={u ∈ L2(Q) : ∇x ∈ [L2(Q)]d, ∂u ∈ L2(Q), u = 0 on Σ, u = 0 on ΣT }.
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Weak formulation

weak solution

ã(u, v) =l(v), for all v ∈ H1,1
0,0̄ (Q), with (1.2a)

ã(u, v) =−
∫
Q
∂tu(x, t)v(x, t) dx dt+ κ

∫
Q
∇xu(x, t) · ∇xv(x, t) dx dt,

(1.2b)

l(v) =
∫
Q
f(x, t)v(x, t) dx dt. (1.2c)
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Weak formulation

Assumption: u belongs to V0,0 = H1,1
0,0 (Q) ∩H`,m(Q) with ` ≥ 2 and

m > 1.

weak solution satisfies the form

a(u, v) =l(v), for all v ∈ H1,1
0,0̄ (Q), with (1.3a)

a(u, v) =
∫
Q
∂tu(x, t)v(x, t) dx dt+ κ

∫
Q
∇xu(x, t) · ∇xv(x, t) dx dt,

(1.3b)

l(v) =
∫
Q
f(x, t)v(x, t) dx dt. (1.3c)

Assumption: u belongs to V0,0 = H1,1
0,0 (Q) ∩H`,m(Q) with ` ≥ 2 and

m > 1.
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Space-Time Th(Q) and FE solution
Th(Q) be a regular partition of Q into triangular/ quadrilateral.

Vh0 = {vh ∈ H1,1
0,0 (Q) : vh|E ∈ P1(E), for everyE ∈ Th(Q)}, (1.4)

find uh ∈ Vh0 such that : a(uh, vh) = (f, vh), ∀ vh ∈ Vh0 .

T     t

   Ω

u(x,0)

X

 Th

u(x,t)=0

Σ

Σ

ΣT

Σ0

For κ is small, the coercivity properties can not ensure that the finite
element scheme performs well.
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Stabilized spaces

ut − κ∆u = f in Q and u = 0 on Σ, u(·, 0) = on Σ0, (2.1)

The FE spaces

Vh,b ={vh ∈ V0,0 : vh|E ∈ P1(E)⊕ VB(E), for everyE ∈ Th(Q)}, (2.2)

vh =v1
h + vbh, with v1

h ∈ Vh0 and vbh ∈ VB. (2.3)
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The discrete problem

find uh ∈ Vh,b s.t. : ah(uh, vh) := a(uh, vh) + bh(ubh, vbh) = (f, vh), ∀vh ∈ Vh,b,

a(w, v) =
∫
Q
∂tw v dx dt+ κ

∫
Q
∇xw · ∇xv dx dt, (2.4a)

bh(wb, vb) =θh
∫
Q
∂tw

b ∂tv
b dx dt, θ > 0.

‖vh‖h =
(
κ‖∇xvh‖2L2(Q) + θh‖∂tvbh‖2L2(Q) + 1

2‖vh‖L2(ΣT )
) 1

2
. (2.5)
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Classical properties

The form ah(·, ·) : Vh,b × Vh,b → R is Vh,b-coercive, i.e.,

ah(vh, vh) ≥ Cs ‖vh‖2h, ∀ vh ∈ Vh,b. (2.6)

Let vh ∈ Vh,b. We have that vh(x, 0) = 0 and nt|Σ = 0.

Then, by Green’s formula
∫
Q
∂tvh vh + vh ∂tvh dx dt =

∫
∂Q
ntv

2
h ds,

.........
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Classical properties

We define the norms

‖v‖h,∗ =
(
κ‖∇xv‖2L2(Q) + θh‖∂tv‖2L2(Q) + 1

2‖v‖
2
L2(ΣT )

) 1
2
,

‖v‖h,V =
(
κ‖∇xv‖2L2(Q) + θh‖∂tv‖2L2(Q) + 1

2‖v‖
2
L2(ΣT ) + (θh)−1‖v‖2L2(Q)

) 1
2
.

‖ · ‖h,∗ is defined for all v ∈ V0,0.

Lemma

There is a constant Cb(κ, θ, h) > 0 such that

|a(u, vh)| ≤ Cb(κ, θ, h) ‖u‖h,V ‖vh‖h, ∀(u, vh) ∈ (V0,0 × Vh,b). (2.7)
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Weak consistency and convergence

Lemma (weak consistency)

Let uh be the FE solution, u the continuous, and zh ∈ Vh,b and
v1
h ∈ V 1

h0,

ah(uh, zh) =a(u, zh), and (2.8a)

ah(v1
h, zh) =a(v1

h, zh). (2.8b)
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Approximation bounds

Theorem

Under regularity assumptions and choosing θ ≥ h, exists c∗,V ,

‖u− uh‖2h,∗ ≤ c2
∗,V

(
µ1(κ, θ, h)‖u− z1

h‖2h,V + µ2(κ, θ, h)‖u− z1
h‖2L2(Q)

)
, for z1

h ∈ Vh0,

where µ1(κ, θ, h) =
(
1 + γ̃2(κ, θ, h) + γ̃2(κ, θ, h) γ̃(κ, θ, h) + γ̃(κ, θ, h)

)
and µ2(κ, θ, h) = γ̃2(κ, θ, h)h−2, with γ̃(κ, θ, h) = (θh)

1
2 γ(κ, θ, h) and

γ(κ, θ, h) =
(

1
(θ h)

1
2

+ cinvκ
1
2

h

)
.
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Approximation bounds: skeleton of the proof
Let z1

h ∈ Vh0 and σh = (u1
h + ubh)− z1

h.

1 ‖u− uh‖2
h,∗ ≤ ... ≤ ‖u− z1

h‖2
h,V +

T2︷ ︸︸ ︷
(θh)‖∂tu1

h − ∂tz1
h‖2
L2(Q) +‖σh‖2

h,

2 ‖∂tu1
h − ∂tz1

h‖L2(Q) ≤ sup
vh∈Vh,b

∫
Q
∂t
(
(u1
h + ubh)− z1

h − ubh
)
vh dx dt

‖vh‖L2(Q)

≤ ...computations... ≤ γ(κ, θ, h)
(
‖u− z1

h‖h,V + ‖σh‖h
)
.

3 ‖σh‖2
h ≤ ah(σh, σh) = ah(uh, σh)− ah(z1

h, σh) (2.8)= a(u, σh)− a(z1
h, σh) =

a(u− z1
h, σh) ≤ ...many calculations

≤ 2 cε (θh) 1
2 γ(κ, θ, h) ‖u− z1

h‖2
h,V + cεh

−2‖u− z1
h‖2
L2(Q) + 2εCinv,κ‖σh‖2

h,

4 T2 := θh ‖∂tu1
h − ∂tz1

h‖2
L2(Q) ≤ 2 γ̃2(κ, θ, h)

(
‖u− z1

h‖2
h,V + ‖σh‖2

h

)
≤ ... ≤ 2Cε

((
γ̃2(κ, θ, h) + γ̃2(κ, θ, h) γ̃(κ, θ, h)

)
‖u− z1

h‖2
h,V +

γ̃2(κ, θ, h)h−2‖u− z1
h‖2
L2(Q)

)
.
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Error estimates

|v − πhv|Hm(Q) ≤ cintp hmin(p+1,s)−m ‖v‖Hs(Q),

‖v − πhv‖2h,V ≤ c2
(
κh2r−2 + θ h2r−1 + θ−1 h2r−1 + h2r−1)‖v‖2Hs(Q),

Theorem (error estimates)

Let u ∈ V := H1,1
0,0 (Q)∩Hs(Q), with s ≥ 2.The uh satisfies the estimate

‖u− uh‖h,∗ ≤c1 h ‖u‖Hs(Q), for θ ≈ h, (2.9)

remarks
1 The analysis has been derived without tuning θ with respect to κ,
2 The analysis holds for Pp≥2.
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Smooth Solution u(x, t) = sin(2πx) sin(πt)
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Figure: Example 1: The
solution u on Q.

hs p = 1, κ = 1 p = 1, κ = 0.005
h0/2s Convergence rates r
s = 1 0.98 1.61
s = 2 0.99 1.51
s = 3 0.99 1.20
s = 4 0.98 1.35
s = 5 1.00 1.17
s = 6 0.99 1.05
s = 7 1.00 1.01

Table: The convergence rates r.
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Smooth Solution u(x, t) = sin(2πx) sin(2πt)
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hs p = 2, κ = 1 p = 2, κ = 0.005
h0/2s Convergence rates r
s = 1 1.73 1.83
s = 2 1.98 2.17
s = 3 2.01 2.04
s = 4 2.00 2.05
s = 5 2.00 2.00
s = 6 2.00 2.00
s = 7 2.00 2.00
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Smooth Solution u(x, t) = (x2 − x) sin(3t)

h

2s rates

κ = 1 κ = 0.005
s = 4 0.98 1.35
s = 5 1.00 1.17
s = 6 0.99 1.05
s = 7 1.00 1.01

IsoValue
-0.305127
-0.221921
-0.16645
-0.11098
-0.0555094
-3.89453e-05
0.0554315
0.110902
0.166372
0.305049

IsoValue
-0.274869
-0.235618
-0.209451
-0.183283
-0.157116
-0.130948
-0.104781
-0.0786135
-0.052446
-0.0262785
-0.000111067
0.0260564
0.0522239
0.0783913
0.104559
0.130726
0.156894
0.183061
0.209229
0.274647
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Singular u(x, t) = |t− 0.5|0.66(x2 − x) ∈ H`,1.1(Q)

IsoValue
-0.170992
-0.145343
-0.128244
-0.111145
-0.0940458
-0.0769465
-0.0598473
-0.0427481
-0.0256488
0.0170992

IsoValue
-0.16199
-0.149841
-0.141741
-0.133642
-0.125542
-0.117443
-0.109343
-0.101244
-0.0931444
-0.0850449
-0.0769454
-0.0688458
-0.0607463
-0.0526468
-0.0445473
-0.0364478
-0.0283483
-0.0202488
-0.0121493
0.00809951
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Conclusions

A stabilized FE method presented for parabolic problems.
Optimal convergence rates for smooth solutions and linear
polynomial spaces.
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