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Functional type error estimates (EEs)

For a class of parabolic I-BVP problems
dut+Lu=F, u0)=uw, iNQCR? tec(0,T)
u=20 on 09,

with unknown exact solution v € V,
reconstructed approximation v € V/, and v

problem data D.
Functional a posteriori EEs ‘

M(v, D(Q,uo, f)) < lu—v| < M(V,D(Q, uo, f)),

minorant error majorant
M universal for any v € V,
[ | computable,
M reliable, ie., [u—v| < M(v, D),
B calistic in comparison to error, i.e., log = mul\fvm is close to 1,
B cfficient for adaptive algorithms V), — V, ..

Introduction
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Model I-BVP problem

Find v : Q — R satisfying linear parabolic

x€QCRYd=1{1,2,3},T >0
initial-boundary value problem (I-BVP)

(x,t) e @:==Q2x (0, T)
(x,t) €0Q: =T UTUYLT
I z=00x(0,T)
Yo = Q x {0}
Oru —divyp = f in Q, Y =Qx{T}
p = Vxu

u(x,0) = up  on Xo,

X1 [0, T ;
u=20 on X, ‘
‘ T
e
X2 0

where 0 is the time derivative,

divy and Vy are divergence and gradient operators in space, respectively,
ug € HE(Xo) is a given initial state,

f is a source function in L?(@), with llull2(q) = llullq induced by (v, w)q =: fQ v w dxdt.
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Solvability results [Ladyzhenskaya, 1954]

M Weak formulation: if f € L2(Q) and ug € L?(%y), find
ue H'(Q):={vel?Q): Vave [L2(Q), v|y =0} satisfying
a(u,w) =I(w), VYwe Hé’ﬁl(Q) ={veH°Q) : 8v e L2(Q), V|fr =0},
a(u,w) = (Vxu, VXW)Q — (u, Bew)
I(w) = (f,w) o + (uo, )5,

Q’

In ction
[ ]
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Solvability results [Ladyzhenskaya, 1954]

M Weak formulation: if f € L2(Q) and ug € L?(%y), find
ue H'(Q):={vel?Q): Vave [L2(Q), v|y =0} satisfying
a(u,w) =I(w), VYwe Hé’ﬁl(Q) ={veH°Q) : 8v e L2(Q), V|fr =0},
a(u,w) = (Vxu, VXW)Q — (u, Bew)
I(w) = (f,w) o + (uo, )5,

Q’

B The distance between generalised solution v € H(Q) and any function v € H}(Q)
is measured in terms of the norm

2 2 2
lu—viZ,) = veo V(-3 +vesy  Nu—vIZ, veg vz, > 0.
~——— ——

N———
energy error error at the final time
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Functional a posteriori error analysis for model I-BVP problem

Theorem [Repin, 2002]*

For ¥v € H}(Q) and Yy € H1v=0(Q) := {y € [L?(Q)]9*! : divyy € L?(Q)}, we have

2 2 2
lu=vile) = vx@ IVx(u=v)lig + vz, lu—vilg,

. .
<M (v,y) = (148" |ly = Vavl[g +(1 + 5ir) Cig |If + diviy — devlly,
N————— ~—

dual term reliability term

tion Estimates for I-BVP Estimates for space-time cheme Ap ima o lusions
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Functional a posteriori error analysis for model I-BVP problem

Theorem [Repin, 2002]*
For ¥v € H}(Q) and Yy € H1v=0(Q) := {y € [L?(Q)]9*! : divyy € L?(Q)}, we have
lu=vif) = e IVx(u=)lIg +ves, lu—vIE,
1 .
<M (v,y) = (148" |ly = Vavl[g +(1 + 5ir) Cig |If + diviy — devlly,
——— —_—————
dual term reliability term

Vw € H}(Q) (additional free-function), we have :
lu— vz, <M'(v,y,w) = lw—vIZ, +2F(v, w — v)

+ @+ 8" |ly + w = 2Vuv|[g +(1 + 4r) CGro |If + divey — Bewllg,
N——————

dual term improved reliability term
where F(v,w — v) := (Viv, Vi(w — v)) + (9¢v — f,w — v), and BT, 8T > 0.

* Numerically tested in [Gaevskaya, Repin, 2005], [Matculevich, Repin, 2014], [Matculevich, Holm, 2017].

timates for I-BVP
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Solvability results [Ladyzhenskaya, 1954]

B Stronger results: if f € L2(Q) and up € H}(Zo), then the I-BVP is uniquely
solvable in

He o (Q) = {u e HYY(Q) + Awu e 13(Q)).

luction Estimates for I-BVP
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Solvability results [Ladyzhenskaya, 1954]

B Stronger results: if f € L2(Q) and up € H}(Zo), then the I-BVP is uniquely
solvable in

He o (Q) = {u e HYY(Q) + Awu e 13(Q)).

B rorany v e HOAX’l(Q) approximating u, we have error identity [Anjam, Pauly
2016]:

A (u = V)I[QHI8e(u = V)G + [ Vx(u = V)IE,
=t Jlu = vl|Z, o = Bd(v)
= [[Valuo = V)I5, + 1AV +F = Bevlp.
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Weak formulation of stabilised parabolic I-BVP

Stabilised weak formulation for u € Hj 4(Q) := {w € Hj(Q) : v|f0 =0}:
we use the upwind test function

Aw 4+ porw, wE H(Ygxa“l = {w € H(ﬁé’l : VxOrw € L2(Q)}7 Ap>0:

such that

a(u, Aw + porw) =: as(u,w) =ls(w) == I(Aw + pdw)g, Yw € Hoygxa“l.

Ayl . .
For any v and any u € Hy§'", the error e = u — v is measured in terms of

lu—vIZ, 4 = v IVx(u = V)% + vio 10w — I3

energy error

2 2
F s | Vx(u =) [lg, +vesllu—vis,,

error at the final time

Ux,Q» Vt,Qr Vi, 57 Ve,x7 > 0.

luction Estimates for I-BVP
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Derivation of advanced form of the m

M [Ladyzhenskaya, 1985]: HvXa" is dense in HAX’ , where

V. 0:,1 B
Hy g™ HWllexat =, Sup HVxW(',t)II%)JrIIWIIiAg,and
t N pY
A
Hog IIWHi,OAE,l = [[Axwl[g + 18w |3

luction Estimates for I-BVP
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Derivation of advanced form of the m

M [Ladyzhenskaya, 1985]: HvXa" is dense in HAX’ , where

YV, r,1 _
Hog ™ HW”Hvxat = Sup HVXW(',t)II%)JrIIWIIiAE,and
t B Y
A,
Hog ”WHzAE 1= 1 Bsw]G + (|0ewllG,

B ror sequence u, € H0 x0t,1 ,

as(up, w) = (o, Aw + pdew)q, where fu = (un), — Axup € L2(Q).

luction Estimates for I-BVP
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as(up, w) = (o, Aw + pdew)q, where fu = (un), — Axup € L2(Q).

B Consider the approx. seq. v, € HVXB“ and subtract as(va, w), such that

as(un—vn, w) = (fo, \w + p 0tw)g—as(va, w).

luction Estimates for I-BVP

www.ricam.oeaw.ac.at Svetlana Matculevich, Functional type error control for stabilised space-time IgA approximation



AW RICAN

Derivation of advanced form of the m

M [Ladyzhenskaya, 1985]: HvXa" is dense in HAX’ , where

V0,1
Hog ™% [[wil?

_ 2 2
ot es[t(l)pT]HVxW(',t)llQJr||W||HAX,and

0
Ay
Hog ”WHzAX 1= 1 Bsw]G + (|0ewllG,
o,0
B ror sequence u, € H0 x0t,1 ,

as(up, w) = (o, Aw + pdew)q, where fu = (un), — Axup € L2(Q).

B Consider the approx. seq. v, € HVXB“ and subtract as(va, w), such that

as(un—vn, w) = (fo, \w + p 0tw)g—as(va, w).

[ | Setting w = e, = up — v € H0 0, lf, we arrive at the so-called ‘error-identity’

AMIVxenllg + pll Brenllly + 3 (10 VxenllE, + Mlenll3 )
= A((fnfatvm en)Qf(Vx Vn, Vxen)Q) +M<(fn78tvn, 6ten)Q*(VXVn, VX 8ten)Q) .

tion Estimates for I-BVP Estimates for s
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Derivation of advanced form of majo

M Introduce Hilbert spaces for auxiliary vector-valued functions
y € HI0(Q) = {y € [L(Q)]*" : divxy € L*(Q) }
such that

(divky,Ne+ pnote)g + (v, Vx(Ae+ pndie))g =0, A p>0.

luction Estimates for I-BVP
[ 1o}
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Derivation of advanced form of majorant

M Introduce Hilbert spaces for auxiliary vector-valued functions
y € HI0(Q) = {y € [L(Q)]*" : divxy € L*(Q) }
such that

(divky,Ne+ pnote)g + (v, Vx(Ae+ pndie))g =0, A p>0.

B Two forms of the majorants are obtained from

M Vxenllgtr 10t enllp+3 (1l Vxenl3 + Mlell3,)
= A((f+divky —8tva,en)o  + (¥ — Vxva, Vxen)q)
+,u((f+divxy78tv,,,8ten)o+(yfoVn,anten)Q)-
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1st form of the

Theorem 1 [Langer, Matculevich, Repin, 2016]
For Vv € HOAX’I(Q) and Vy € H1Vx0(Q), error can be estimated as follows:

M Vxelg+ulloely + nlVxelg, + Melg, = llelf,

=7l
<M a(v,yiai) = A((L+ an) Irald + (1 + L) Ca lIreall?)

M(v,y)
+ (1 + a2) ldiverald + (1 + L) Ireql3)

==l .
= AN (v, ) + (1 + @2) diviral B + (1 + L) lreal3),

where
teq(v,y) = f +divxy — v, < Oru—divgp=f

rd(Vay):y_vxva = p=Vxu

A, >0, and aj, i = 1,2 > 0 are auxiliary parameters.
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IgA framework

[Hughes, Cottrell, and Bazilevs, 2005],

[Bazilevs, Beirao da Veiga, Cottrell, Hughes, and Sangalli, 2006]:

Physical domain Q C RY*L, is defined from

Parametric domain Q = (0,1)9+1 by the

Geometrical mapping ¢ : Q — Q = ®(Q) C R, &(¢) = Yier l§,—1p(§) P;,

- E,-,p, i € Z, are the B-Splines, NURBS, THB-splines;
-{Pi}icz € RY*! are the control points.

xp =1t
Q
d
\ / ‘\2:?
> —1 PN
(SIS d Q
—
€ Ky
—
)
c| a b 0 1
T \Xl ?1

Estimates for space-time IgA scheme pplicati
000
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Space-time IgA discrete scheme

Testing parabolic I-BVP by w = A vj, + p Ot v, where A =1 and p = 0, i.e.,
Vh+0n0tvh, O =0h, 0>0, v, € Von C Hjo(Q),

where h is the global size of the mesh K}, we arrive at

space-time IgA discrete formulation [Langer, Moore, Neumiiller, 2016]

find up € Vo C Hé’g(Q) satisfying

as,h(Un, vh) = Is,n(vh),  Yvh € Von,
as,n(un, vh) = (Oeup, v + 8 Oevh) o + (Vxtin, V(i + 85 Ot vi)) o

Is,n(vh) := (f, vih + On Vi) Q,
with the corresponding norm

2 2 2
IVallZ 5 := 1VxVallG + Sn 10evallG + lvallE, + 0n I Vxvall, -

for I-BVP Estimates for space-time IgA scheme
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Two forms of majorant for space-time IgA scheme (A =1 and pu = dj)

Corollary 1 [Langer, Matculevich, Repin, 2016]

For all v € HOAX’I(Q) and y € H4v:0(Q), we have:

7
IV xellg+on 10cellG + dn 1 VxellE, + llells, < M 4(v,y: )

= (L4 o) [Irallg + (1 + ;) Cha lIrealld

M (v, y; a;)
: 2 1 2
+ 0, (1 + a2) ||divarallg + (1 + ;) [Ireall3)
—T .
=M (v, y; i) + 84 (1 + a2) [[divarallg + (1 + ) lIreql3)
Here, rq and rqq are residuals following from the problem statement,

0p = 6h, 6 > 0, is a parameter of the scheme, and
A [%,Jroo), a;>0,i=1,2.

ates for space-time IgA scheme
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Majorant for heat equation with Dirichlet BVP

on Q:=Qx (0, T): find u € H3*''(Q)
ur — divx(Vxu) = € L2(Q)in Q, u=up € H(9RQ) on 9Q, u(0,x) = up on Xo.

For Vv, w € H3™}(Q), Vy € H(R,divx), and V4! > 0,8T > 0,

we have error estimates - 1
G error indicator My K

7l
lel® := D IVxellk +llelE, <M (v,y,8") =1 +8") > ly—Vavlk
KeK KeK)

. + (1 + &) Challf + divey = Buvl3,
llel2, < MLy (v, . Y,

w7l
> IVsellk M (v, y,w, 1),
KeK,

and error identity
lelZ,q = BA(v) := [ Vx(uo = VIIE, + IIf + Axv = 8ev]3.

for I-BVP imates time IgA scheme Application of estimates to IgA
. o 0000
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. L =T
Reconstruction of efficient M

Sol LB Y= inf inf M(v,y; 8Y), wh

M (v, y: 8) = (1 + 8 [ly = Vavllf +(1+ 2 ) Cho |If + divay — v I}
— —

=1+6) m  +(1+h)Ce W

M the variation problem for the optimal y ., i.e.,

c2 . .
T (divxYmin, divan)o + (Ymin, 7)o = 2 (f — v, divin)a+(Vxv,n)a,

I
min Bmm

B where the optimal gL, = Cramea/y,

Application of estimates to IgA
[ ]
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IgA spaces for up approximation

Vh = §Z'P 1= span {Ei,p},
up €V = S,';J‘P = {Vh o ¢°_1} n H&D(Q) 1= span {¢>h,i = E,-J, o ¢_1}ieI n HED(Q).

Generated approximation vy, is presented as
up(x) =Y W dni(x), = [uilier € R,
i€eT

where u,, is a vector of DOFs defined by a system

Kpuy = fp,
Kh = [(de)h’,',VXd)h,j)}fj’
by = [(F.on0)] T

Introductio Estimates for I-BVP S gA eme Application of estimates to IgA
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IgA spaces for y,, reconstruction

Yh = ®d+182’q:

Y

yh=| e | €Vh =@M = (Voo 07l = span{uy = (Bl 0 07N,
Yh

Generated reconstruction of y, is presented as

ya(x) = Z Zh’,T/’h,i(X)»

€T (d+1)
where Y, = uh J[eIX(d‘Fl) e REHDIZ] js 3 vector of DOFs of y}, defined by a system
(G Divh+ BMy) y, = —Chq zn + B 2h,
with
Divy, := [(divxe;, divet); )},‘jﬂ Lz = [(F = Bev, diviyy; )](d+1 Izl
(d+1)|Z (d+1)|Z
My, = [(d’/adﬁ)},l 1 ) ‘7 8h = [(VXV 1/’1)] ) |

or 1-BVP Estimates for space-time Ig cheme Application of estimates to IgA
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IgA spaces for wj, reconstruction

h = g;’r 1= span {E;,,},
wp, eW, = S,:’r = {Wh o 4)_1} n H&D(Q) ;= span {th,- = E,-y, o ¢_1}ieI n H&D(Q).

Generated approximation wuy, is presented as

=3 wixni(x), w,:=[wilier € R,
i€

where w,, is a vector of DOFs defined by a system

—)
(r) ._ T
Kh = [(vah,thXh,j)Lu-a
f;(,r) = [(f, Xh,i)},-z'

Juction ima for I-BVP ates for space-time Ig eme Application of estimates to IgA
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Reliable uj approximation (single refinement step)

Input: Cp, {discretization of Q}, span {d)m,-}, i=1,..,|Z| {Vp-basis}

APPROXIMATE:
B ASSEMBLE the matrix Kj, and RHS f;, ttas(up)
M SOLVE Kju, = f, tso1(Un)
[ | Approximate u, = ZIQ,' ®n,i(x)
ic
Evaluate le|?, [|e]? . and [le]: oy (lel) + oy (lell ) + tenellellc)
ESTIMATE:
M ecvaluate Ml(uh,yh) ttas(Yn) + tsol (¥h) + te/w(M I)
M cvaluate Mn(uh,yh, wp) ttas(Wh) + tsol(wp) + te/w(M )
W cvaluate Mi’h(uh,y,,) e/w(Mi,h)
M cvaluate Ed(up) ito/w (Ed)

MARK: Using marking IM(?), select elements K of mesh K, that must be refined
REFINE: Execute the refinement strategy: Ky, , = R(/Cy)
Output: C;_, {refined discretization of Q}

e IgA approximation
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ESTIMATE step (HI reconstruction)

Input:  wu;, {approximation}, KCj, {disctretization of Q},
span {1, i =1,...,(d 4 1)|Z| {Yi-basis}, Niie% {number of opt. iterations}

ASSEMBLE  Divy,, My, € RUUFDIZIXIHFDIZ] and 74, g, € REHDIZ] ‘tas(yp)
Set gl =1
for m =1 to Ni'%% do

SOLVE (ﬁ CioDivy, +My)y, = —é Caazh + gh ‘tsol (¥h)

Reconstruct y;, := EiGI!h,fwhyi

Compute m2,, := | f + diviy), — Orup [|3 and M3 := ||y, — Vw13

Crq Me

Update ! = %I:q

end for

—1 . _
Evaluate M (up, yp; BY) == (1 + 5I)m§q +(1+ %) C2,mA

Output: M {majorants on Q},

heme Application of estimates to IgA
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Choice of B-Splines (NURBS) for y,, and wj

We use the idea from Kleiss, Tomar (2015):

. Yh € Yun = @d+18Z,;Z . wp € Wi = S[;:
W oucv,=sp° Mosopie, Wspie,
g=p+m meINT r=p+/, /€Nt
M y,,, is reconstructed on M v, is reconstructed on
B ., is approx. on K Knpy M € INT Kipy LEeINT
myv>m |

Juction ates for space-time Ig eme Application of estimates to IgA

www.ricam.oeaw.ac.at Svetlana Matculevich, Functional type error control for stabilised space-time IgA approximation



ann Radon Inst | and Applied Mathematics

OAW RICAM

Example 1. Polynomial solution

Given data:

WMo=-(01),7T=1 '
—(1—x)x2(1—t)t

N .
Br=—(1-x)x2(1-2t)—(2—-6x)(1—t)¢
[ |

Uty it
TGO
LA

Discretization g > p, M > 1:
[ | p=2 = upcE 55’2
Wo=3M=6 = y,ci’os
B =3M=6 = wes;

time IgA scheme Application of estimates to IgA
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Example 1. Uniform refinement, u, € 5,27‘2, Yy € Sg',; ( Sﬁh , Wp € 53,‘,3

#ref | 1Viel? N EGTY  Nen?, [EREEE i [ERGED)| eoc

3 6.3789%e-4 1.10 6.3789%e-4 3.9528e-2 1.00 271
5 3.9868e-5 1.05 3.9868e-5 9.8821e-3 1.00 2.18
7 2.4917e-6 1.07 2.4917e-6 2.4705e-3 1.00 2.05
9

1.5573e-7 1.02 1.5573e-7 6.1764e-4 1.00 2.01

Comparison estimates’ error control efficiency.

d.o.f.

taS

tsol e/w
1 16 50 25 8.66e-4 9.77e-4 2.60e-5 5.30e-5 3.20e-4
3 100 50 25 5.71e-3 9.80e-4 7.72e-4 9.40e-5 4.46e-3
5 1156 50 25 8.13e-2 8.51e-4 3.27e-2 5.50e-5 6.28e-2
7 16900 50 25 1.07e0 5.37e-4 1.95e0 6.50e-5 8.55e-1
9

264196 98 49 1.14el 2.07e-3 7.84el 1.23e-4 1.09el

#* Up Yh Wh

| | 5507 : 2 : 1| 637308 1 . o1

Comparison estimates’ time efficiency.

Application of estimates to IgA
o] ]
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Example 1. Adaptive refinement, uj, € 5,3’2, Yy € 563,‘, { 56h , Wy € 563,‘,3

#ref | 1Veel? N EGTY  Nen?, [EREEE i [ERGED)| eoc

3 6.37e-4 1.09 6.3789%e-4 3.9528e-2 1.00 271
5 1.30e-4 1.18 1.3080e-4 1.5190e-2 1.00 1.60
7 1.0056e-5 1.28 1.0056e-5 4.9217e-3 1.00 3.22
9 2.1820e-6 1.18 2.1820e-6 2.2159e-3 1.00 2.10

Comparison estimates’ error control efficiency.

d.of. tso
ref. h [Ilell
1 16 25 1.08e-2 2.80e-5 3.72e-3
3 100 25 8.80e-2 5.68e-4 6.56e-2
5 761 25 1.14e0 2.05e-2 9.64e-1
7 4222 25 3.24e0 1.83e-1 2.73e0
9 24778 49 2.591 2.74e0 1.78el

550 1.03

N
o

Comparison estimates’ time efficiency.

Application of estimates to IgA
[ le]

www.ricam.oeaw.ac.at Svetlana Matculevich, Functional type error control for stabilised space-time IgA approximation



OAW RlCA/\/\ ann Radon Inst e for Computa

Example 1. Comparison of local distributions

1020 30 40 50 60 50 100 150 200 200 400_ 600
number of FEs number of FEs number of FEs
Local distribution eﬁ = HVXeH% and g = |y, — vahH%)

[e]
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Example 1. Comparison of local distributions

1020 30 40 50 60 50 100 150 200 200 400_ 600
number of FEs number of FEs number of FEs
Local distribution e(zi = HVXeH% and g = |y, — vahH%)

%107

10 20 30 40 50 60 50 100 150 200 200 400. 600
number of FEs number of FEs number of FEs

Local distribution |||eH|%:,Q and Ed

Application of estimates to IgA onclusions

[e]
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Example 2. Parametrised solution

Given data:
WMo=-(01),7T=1
m.- sin(ky m x) sin(ka 7 t)

[ sin(ky w x) (ko 7 cos(ka 7 t)
+k? 72 sin(kp 7 t))

. UDZO

Discretization:

2,2
. up € Sh
Bg=k=1
Y € Sgi’ @ Sgi° and wy € S
W =6k-=3
Y € 52,’,9 @ 53,’19, and wy, € 53},9

t 0

ki =6,k =3

Application of estimates to IgA
000000
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Example 2-1. Adaptive refinement, u, € 5,27‘2, Yy € 52,‘, ( 56h , Wy € 565,‘,5

#ref | 1Viel? N EGTY  Nen?, [EREEE i [ERGED)| eoc

2 4.8004e-3 1.00 4.8380e-3 2.9450e-1 1.00 1.38
4 4.8027e-4 1.00 4.8083e-4 1.0100e-1 1.00 2.93
6 5.9177e-5 1.02 5.9191e-5 3.8920e-2 1.00 2.17
8 9.4871e-6 1.05 9.4873e-6 1.7264e-2 1.00 2.66
Comparison estimates’ error control efficiency.
d.o.f. tsol

AN -

ref. h Yh el

2 254 169 | 6.99e-1 2.97e-3 2.47e-1

4 2535 169 | 4.63¢0 1.41e-1 2.61e0

6 18343 169 | 2.53el 1.51e0 1.591

8 | 105304 356 | 3.03e2 1.57el 8.48el

| | 20

| 103

Comparison estimates’ time efficiency.

Application of estimates to IgA
00000000
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Example 2-1. Comparison of meshes Mpyr,k(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
true error [|V(u — up)l[3 error indicator ||y, — Vixuy|%
-~ -~
X X
ref. 1 ref. 1

time IgA scheme Application of estimates to IgA
000000
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Example 2-1. Comparison of meshes Mpyr,k(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
true error ||V (u — uh)||% error indicator ||y, — quthQ
-~ -~
X X
ref. 2 ref. 2

Introduction stimates for I-BVP ates for space-time IgA scheme Applicati timates to IgA onclusions

O0@00000
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Example 2-1. Comparison of meshes Mpyr,k(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
true error ||V (u — uh)||%) error indicator ||y, — quhH%)

EaEas:
I
I
T
T

e
F
}
j
i
i
i
I
I
i
i
I
I
i
I
]
T
:
;
e

HHH

FHFE HERRH PR A
T T T T T
EEHHE R [ EEHEE R [
A T A R T A

X X
ref. 3 ref. 3

Introduction stimates for I-BVP ates for space-time IgA s e icati timates to IgA onclusions
[e]e] lelelele]e]
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Example 2-1. Comparison of meshes Mpyr,k(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
true error ||V (u — uh)||%) error indicator ||y, — quhHé

Introduction Estimates sti es for space-time IgA scheme Application of estimates to IgA Conclusions
[ 0@0000
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Example 2-1. Comparison of meshes Mpyr,k(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
true error ||V (u — uh)H% error indicator ||y, — quhH%)

ref. 5 ref. 5

Introduction Estimates for I-BVP Estimates for space-time IgA scheme Application of estimates to IgA Conclusions
[e]e]e]6} 000000 000 000000000000 00e00000000 [e]e]
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Example 2-1. Comparison of meshes Mpyr,k(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
true error ||V (u — uh)H% error indicator ||y, — quhH%)

ref. 6 ref. 6

Introduction Estimates for I-BVP Estimates for space-time IgA scheme Application of estimates to IgA Conclusions
[e]e]e]e} 000000 000 000000000000 00e00000000 [e]e]
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Example 2-1. Comparison of meshes Mpyrk(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
true error ||V (u — uh)H2Q error indicator ||y, — quhH%)

ref. 7 ref. 7

Introduction Estimates for I-BVP Estimates for space-time IgA scheme Application of estimates to IgA Conclusions
[e]e]e]e} 000000 000 000000000000 00e00000000 [e]e]
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Example 2-1. Local distribution of €3 := [Ve|3 and Tq = ||y, — Viun||3

50 100 150 200 200 400 600 800 500 1000 1500 2000 2500
number of FEs number of FEs number of FEs
ref. 1 ref. 2 ref. 3

Application of estimates to IgA
. )O0000000000e0000000 00
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Example 2-1. Comparison of meshes Mpyr,k(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
error-norm induced by solution operator error identity Hd
lu—unlZ o
-~ -~
X X
ref. 1 ref. 1

time IgA scheme Application of estimates to IgA
000000
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Example 2-1. Comparison of meshes Mpyr,k(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
error-norm induced by solution operator error identity Hd
lu—unlZ o
-~ -~
X X
ref. 2 ref. 2

mates for space-time IgA scheme Application of estimates to IgA Concl
0 0 00008000000 00
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Example 2-1. Comparison of meshes Mpyr,k(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
error-norm induced by solution operator error identity Hd
2
[lu— UhHg,Q
aasse] T
SR T
szt T
EFFF R R FEFF R R e EHEHE FHFFE
FHH
LEH Ll
HHH e
HHH HHEH
-~ +
A BB BE ;
S
HHH
X X
ref. 3 ref. 3

Introduction ates for I-BVP ates for space-tim timates to IgA onclusions
[e]e]e]e] Telele]
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Example 2-1. Comparison of meshes Mpyr,k(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
error-norm induced by solution operator error identity Hd
lu—unlZ o

ref. 4 ref. 4

Introduction Estimates for I-BVP Estimates for space-time IgA scheme Application of estimates to IgA Conclusions
[e]e]e]6} 000000 000 0000000000 0O0000e000000 [e]e]
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Example 2-1. Comparison of meshes Mpyr,k(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
error-norm induced by solution operator error identity Hd
llu— unllZ o

CIT T T T HHE T H T HHH THHHHH T
X X
ref. 5 ref. 5

Introduction Estimates for I-BVP Estimates for space-time IgA scheme Application of estimates to IgA Conclusions
[e]e]e]6} 000000 000 0000000000 0O0000e000000 [e]e]
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Example 2-1. Comparison of meshes Mpyrk(0.4)

mesh obtained by ref. based on mesh obtained by ref. based on
error-norm induced by solution operator error identity Hd
llu— unllZ o

ref. 6 ref. 6

Introduction Estimates for I-BVP Estimates for space-time IgA scheme Application of estimates to IgA Conclusions
[e]e]e]e} 000000 000 0000000000 0O0000e000000 [e]e]
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Example 2-1. Local distribution of |e]|Z o and Hd

50 100 150 200 200 400 600 800 500 1000 1500 2000 2500
number of FEs number of FEs number of FEs
ref. 1 ref. 2 ref. 3

Application of estimates to IgA
[e]e]e]e]e] lele]
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Example 2-2. Adaptive ref., up € 5,3‘2, Yy € 52,‘,9 ( 52,’,9, wp € 52,’,9

et | 1%l I V)%, O 1o WG] coc

2 1.3932e-1 1.3932e-1 3.1026el 1.00 2.30

3 3.9705e-2 3.9705e-2 1.6010el 1.00 2.21

4 1.3382e-2 1.3383e-2 8.7447¢0 1.00 1.95

5 4.7457e-3 4.7457¢-3 5.2254¢0 1.00 1.81

6 1.7020e-3 1.7020e-3 3.4119¢0 1.00 2.07

Comparison estimates’ error control efficiency.
d.of. tas tsol te /w

#
1 324 625 625 | 5.49e-1 3.1lel | 8.64e-3 2.67e-2 7.20e-1
2 1104 625 625 | 1.97e0 2.60el | 5.87e-2 3.10e-2 2.90e0
3 3427 625 625 | 7.72¢0 2.97el | 3.27e-1 3.33e-2 1.00el
4 | 10521 625 625 | 3.00el 4.45e1 | 1.68¢0 2.66e-2 3.25el
5 | 32610 625 625 | 9.70el 6.68e1 | 3.02¢0 5.78e-2 1.06€2
6 | 87639 625 625 | 3.92e2 6.60el | 1.17el 8.20e-2 2.87e2

| | 6.82 R 115 | 216 I 153 | 28 : 1
Comparison estimates’ time efficiency.

Application of estimates to IgA
00000080
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Example 2-2. Comparison of meshes Mpyr,k(0.4)

ref. based on ref. based on ref. based on ref. based on
true error X error indicator2 error measured2by L-norm  error identity
1V (u = un)llg lyn — Vxunllp lu—unllZ q d
CELEEREEE o D
X X X X
ref. 1 ref. 1 ref. 1 ref. 1

Application of estimates to IgA
000000

www.ricam.oeaw.ac.at Svetlana Matculevich, Functional type error control for stabilised space-time IgA approximation



ann Radon Inst

| and Applied Mathematics

OAW RICAM

Example 2-2. Comparison of meshes Mpyr,k(0.4)

ref. based on ref. based on ref. based on ref. based on
true error X error indicator2 error measuredzby L-norm  error identity
1V (u = un)llg lyn = Vxunlly lu—unlZ q Iid

ref. 2 ref. 2 ref. 2 ref. 2

A scheme Application of estimates to IgA Concl
0 00000008000 00
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Example 2-2. Comparison of meshes Mpyr,k(0.4)

ref. based on ref. based on ref. based on ref. based on
true error X error indicator2 error measuredzby L-norm  error identity
1V (u = un)llg lyn = Vxunlly lu—unlZ q Iid

ref. 3 ref. 3 ref. 3 ref. 3

Introduction stimates for I-BVP ates for space-time IgA scheme Applicati timates to IgA onclusions
[e 0O000000e
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Example 2-2. Comparison of meshes Mpyr,k(0.4)

ref. based on ref. based on ref. based on ref. based on
true error X error indicator2 error measured2by L-norm  error identity
1V (u = un)llg lyn = Vxunlly lu—unlZ q Iid

ref. 4 ref. 4 ref. 4 ref. 4

ates for I-BVP tes for space-time IgA scheme icati timates to IgA Conclusions
0O000000e
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Example 2-2. Comparison of meshes Mpyr,k(0.4)

ref. based on ref. based on ref. based on ref. based on
true error X error indicator2 error measured2by L-norm  error identity
1V (u = un)llg lyn = Vxunlly lu—unlZ q Iid

ref. 5 ref. 5 ref. 5

Introduction Estimates for I-BVP Estimates for space-time IgA scheme Application of estimates to IgA Conclusions
[e]e]e]6} 000000 000 0000000000 0O0000000e000 [e]e]
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Example 3. Sharp local Gaussian jump

Given data:

Q=(0,1), T=1

u=(x>=2x)(t>—t
o—100](x,t)—(0.8,0.05)|

f=..
up =0

= 0.006
3

E]

Discretization:
2,2
. up € Sh
3,3 3,3
By csiosk
3,3
. whp € Sh'

Application of estimates to IgA
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Example 3. Adaptive refinement, u, € 5,2,‘2, Y € 5,?‘3 6%5,3‘3 and wy, € 52‘3

#ref | (1Vael? IR RG] en, [ERGEE o> RG] coc

2 2.3860e-4 1.57 2.3862e-4 5.2007e-2 1.00 15.08
3 7.9064e-5 1.64 7.9097e-5 2.7679-2 1.00 4.29
4 1.9474e-5 1.32 1.9475¢-5 1.4184e-2 1.00 3.47
5 6.0613e-6 1.38 6.0614e-6 7.6247e-3 1.00 2.48
6 2.2038e-6 1.31 2.2039e-6 4.5977e-3 1.00 1.95
Comparison estimates’ error control efficiency.
d.o.f. tsol te /w
i i 2 _
ref. Uh Yh el
1 324 722 1.59¢-1 3.11e-3 1.49¢-1
2 400 872 2.33e-1 4.22¢-3 2.23e-1
3 669 1394 | 4.98e-1 1.08e-2 4.36e-1
4 1501 2052 1.51e0 4.36e-2 1.12¢0
5 3848 7418 | 3.67e0 2.10e-1 3.07¢0
6 | 10854 20744 | 1.3lel 1.04€0 8.89¢0
| | 1 142 1.043

Comparison estimates’ time efficiency.

Application of estimates to IgA
(o] lo}
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Example 2-2. Comparison of meshes Mpyr,k(0.4)

ref. based on ref. based on ref. based on ref. based on
true error X error indicator2 error measured2by L-norm  error identity
1V (u = un)llg lyn — Vxunllp lu—unllZ q d
-~ -~ -~ -
X X X X
ref. 1 ref. 1 ref. 1 ref. 1

Application of estimates to IgA
oce
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Example 2-2. Comparison of meshes Mpyr,k(0.4)

ref. based on ref. based on ref. based on ref. based on
true error X error indicator2 error measuredzby L-norm  error identity
1V (u = un)llg lyn = Vxunlly lu—unlZ q Ed
+~ -~ +~ -~

ref. 2

ime IgA scheme Application of estimates to IgA
000000e
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Example 2-2. Comparison of meshes Mpyr,k(0.4)

ref. based on ref. based on ref. based on ref. based on
true error X error indicator2 error measuredzby L-norm  error identity
1V (u = un)llg lyn = Vxunlly lu—unlZ q Ed
-~ +~ -~ -~

B

ref. 3 ref. 3

Application of estimates to IgA
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Example 2-2. Comparison of meshes Mpyr,k(0.4)

ref. based on ref. based on ref. based on ref. based on
true error X error indicator2 error measuredzby L-norm  error identity
1V (u = un)llg lyn = Vxunlly lu—unlZ q Ed
-~ -~ + -~

B

ref. 4 ref. 4 ref. 4

Application of estimates to IgA
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Example 2-2. Comparison of meshes Mpyr,k(0.4)

ref. based on ref. based on ref. based on ref. based on
true error X error indicator2 error measuredzby L-norm  error identity
1V (u = un)llg lyn = Vxunlly lu—unlZ q Iid
-~ -~ + -~

ref. 5 ref. 5 ref. 5

oduction stima for / stimates for s time IgA scheme Application of estimates to IgA sions
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Conclusions and roadmap on future work

Developing efficient algorithms of the flux reconstruction:
B improving assembling time, in particular, for the THB-splines
B studying solvers and preconditioners for the system

(57" CBoDivi! + M) y, = —B7" Chqzn + gh-

Extending the space-time scheme and corresponding error estimates:
B localisation
B moving in time domain 2
B extension to the multi-patch discretisation
B treating the discontinuity in time

www.ricam.oeaw.ac.at Svetlana Matculevich, Functional type error control for stabilised space-time IgA approximation



ann Radon Inst

| and Applied Mathematics

OAW RICAM

THANK YOU FOR YOUR ATTENTION!

U. Langer, S. Matculevich, and S. Repin. A posteriori error estimates for space- time IgA approximations to
parabolic initial boundary value problems, arXiv.org, math.NA/1612.08998, 2016.

U. Langer, S. Matculevich, and S. Repin. Functional type error control for stabilised space-time IgA
approximations to parabolic problems, RICAM-Report 2017-14.

B. Holm and S. Matculevich. Fully reliable error control for evolutionary problems, arXiv.org, cs.NA/1705.08614,
2017 (submitted).

S. Matculevich. Functional approach to error control in adaptive IgA for elliptic problems, RICAM-Report, 2017-24
(submitted).

U. Langer, S. Matculevich, and S. Repin. Functional type error estimates and identities for space-time IgA
approximations to I-BVP of parabolic type, RICAM-Report 2017 (in preparation).

Conclusions
oce

www.ricam.oeaw.ac.at Svetlana Matculevich, Functional type error control for stabilised space-time IgA approximation



	Introduction
	Estimates for I-BVP
	Estimates for space-time IgA scheme
	Application of estimates to IgA
	Example 2. 
	Example 3. 

	Conclusions
	Roadmap


