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First Order Model Problem
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Model Problem: Electro-Magneto-Static Maxwell Equations

setting: HiIbert/L2—based Sobolev spaces
geometry: Q c R3 bounded domain with weak Lipschitz boundary I' = 9Q

rotE =J
—diveE =
vxE=0
v-eE=0

in Q
in Q
at ¢
at My

1)
)
®3)
(4)

non-trivial kernel: Hy . = {H € L2 : rotH=0,diveH =0, v x H|r, =0, v-eH|r, = 0}
additional condition on Dirichlet/Neumann fields for uniqueness:

ﬂ'DE =He %D,s

©)

well known: (1)-(5) uniquely solvable by Helmholtz decompositions and
Friedrichs/Poincaré/Maxwell type estimates for given right hand sides F, G, H

aim: functional a posteriori error estimates (FAPEE) for electro-magneto statics
(EMS) — simple and easy estimates
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er Model Problem

el Problem: Electro-Magneto-Static Maxwell Equations

literature: not very much

for rotrot + 1 (second order toy equation):

residual based: ~ Beck/Hoppe/Hiptmair/Wohlmuth ('00)
Creusé/Nicaise/. .. ('03)
Schéberl ('08)
functional:  Anjam/Neittaanmaiki/Repin ('07)
Anjam/P. (16, '17)

for rot rot (second order equation):

residual based:  Creusé/Nicaise/. .. ('14, '15)
equilibrated:  Braess/Schéberl ('08)
functional: ~ P./Repin ('09)

for first order rot/div-system of EMS: nothing (to the best of our knowledge)
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First Order Model Problem

Model Problem: Main Result for Electro-Magneto-Static Maxwell Equations

Let (very non-conforming!) and e := E — E. Then

|e|f§ = |7TVe|f§ + ‘Wrote‘ﬁg + |7rDe|ﬁ§

q q g = 2
= min (Cfp‘ dived +J‘L2 + |¢ - E|L2 ) reg. (=Vr, divr, +1)-prbl. in Hr (div)
deHr (dive) &

n

. PR
+ d)eHT:?rot) (calrot® = J|j2 + | — E"—i)

reg. (rotr, rotr, +1)-prbl. in Hr, (rot) ‘

+ min |V +et rot\|l+E—H|fz.
(j)EHIl_t,\UeHr"(rot) e

R B 1
cpld. (- divr, Vrt)—(rotrt rotrn)—sys. in Hl't -Hr, (rot)

o (rotr, rotr,)-prbl. (Dirichlet/Neumann fields err.) needs saddle point form..
e Q top. trv. = mp =0 and Hr,(rot0) = VH}t and Hr, (div0) = rotHr, (rot)

o‘Qconvex(andaz,uzl)andFt=I'orF,,:F=> cfgcmSCPSdiamQ/ﬂ"

= all constants known
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First Order Model Problem

Underlying Structure of the Model Problem

V-rot-div-complex (de Rham complex):

vr rotr divp
{0} or R = 12 2 L2 2 2 2" 12 2 Ror {0}
ks —divrn £ e-1 rotr, -Vr, L
unbounded, densely defined, closed, linear operators with adjoints
vr, Hll—! cl? L2, —divr, e =(Vr,)" :5_1D|—n cl?2-1? sometimes:
rotr, : R, c L2 > L2, e~trotr, = (rotr,)* :Rr, c L® - L2 R = H(rot) = H(curl)
divr, : Dr, c L2 > L2, -Vr, = (divr,)* : Hf cL? - L D = H(div)

complex: ‘range c kernel’ (rot V =0, divrot =0)
VrHf, cRr,0, rotr,Rr, cDr,o, divr,Dr, c N(m)=L%or L}
crucial: compact embeddings (Rellich’s selection theorem & Weck's selection theorem)
H' - L2, Rrne'Dr, - L2

= Helmholtz decompositions, closed ranges, continuous inverses, and
Friedrichs/Poincaré/Maxwell type estimates /

Weck's selection theorem (Weck '74, (Habil.) stimulated by Rolf Leis)
(Weber '80, Picard '84, Costabel '90, Witsch '93, Jochmann '97, Kuhn '99,
Picard/Weck/Witsch '01, Bauer/P./Schomburg '16, '17)
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First Order Model Problem
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ract Formulation
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rotE =J in Q
—diveE = in Q
vxE=0 at [;
v-eE=0 at [,
7TDE =He HD,E
<
rotr, E=J
—divr, eE =
7TDE =He HD,E
(Aj:=rotr,, Af= gl rotr,) ¢ (x=E) (A1 =Vr,, A7;=-divr ¢)
A,‘X: f
Alix=g

TiX = he Hi = N(A[) n N(A?_l)

isburg-Essen, Campus Essen
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General First Order Problem

General or Abstract Problem

setting: unbounded, densely defined, closed, linear operators with adjoints

Ai:D(A;) cHi > Hiyg, AF:D(AY)cHijy—H, ieZ

complex:
Aj_o Ajp1
2 H.o =2 Hi_1 Hit1 2 Hj =2
AT*2 A?*H
1—. 1

complex property: ‘range c kernel’ (| A = A AT=0)

R(Ai-1) e N(A) | < R(A7)c N(AL)

problem: find x e D(A;) n D(A} ) s.t.

‘ Aix=f, Af,x=g, mx=h,

where f € R(A;), g€ R(A7;) and h e H; with kernel H; := N(A;) n N(AZ ;)
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General First Order Problem

Toolbox

Hodge/Helmholtz/Weyl decompositions:
Hi = N(A)) @y, R(A}), Hiv1 = N(A]) ®n,,, R(A)
= reduce A;, A¥ to N(A;j)*, N(AF)*
= injective reduced operators A;, A¥
= A7, (A7) exist
= complex for A;, A?
crucial: compact embeddings
D(A;) = H; (= D(Af) = Hiu)
(general) Friedrichs/Poincaré/Maxwell type estimates
VoeD(A)  loln; <[ci]lAiel,,
- Ve D(AT) [, <[ci]IA]¢ln,

closed ranges R(A;) = R(A;), R(A}) = R(A})
continuous and compact invers operators A1, (A7)7!

lots of Helmholtz type decompositions

best world: D(A;)nD(A} ;) > H;i = D(A;)=H;
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General First Order Problem
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Abstract Problem and Goal

problem: find x e D(A;) nD(A} ) s.t.

A,‘X =f
A x=g
Tix=h

Theorem (solution theory)

unique solution (cont. dpd. on data) < feR(A;), geR(A} ;) and heH;

x=Af+ (A7 ) lg+h

goal: functional a posteriori error estimates (fapee) ‘in the spirit of Repin’

For X € H; (very non-conforming!) estimate |x — X|y; in terms of X, and f, g, h, and ¢;.
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds

problem: ‘ find xeD(A;))nD(A];) st. Aix=f, Al x=g, mx=h ‘

‘very’ non-conforming ‘approximation’ of x:

def., dcmp. err. =7ma;e+me+mareeHi = R(Ai1) ®n;, Hi®n; R(A])

Theorem (sharp upper bounds I)

Let X e H; and e := x— X. Then
2 2 2 2
leliy; = lma;_ eliy; + Imielf, + |7rAI?'e|H,-v

A el = _min )(CI-1|A,-*_1¢>—g|H,-_1 1o =%lh;), [ Araaly om0l |
i—1
|7rA;u eln; = ErBérA ; (cilAjo = Flu,, + o —>?|Hi), reg. (AFA; +1)-prbl. in D(A;) ‘
® i
ieln, = |mi&—hlu. = min  |Ai1E+AC+X - hly..
el = %~ = _min  |Ara€ + ATC+ 5~y
CeD(AT)

cpld. (A7 1 A;_1)-(A;AT)-sys. in D(A;_1)-D(AT) ‘

Even mwje = h— w;X and the minima are attained at
¢=7TA’.716+)?, 92\7=7'I'A7re+)?7 A;,1£+A:—C=(ﬂ',’—1))’2.
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds (with less computations)

problem: ‘ find xeD(A;))nD(A];) st. Aix=f, Al x=g, mx=h

‘very’ conforming ‘approximation’ of x: ‘ %eD(A;)nD(A!;)

setting ¢ = ¢ = X in latter theorem (or directly by Poincaré type estimates) =
2 2 2 2 2 2
|e|D(Ai)ﬁD(A,-*_1) =|ma,_eln, +|mieli, + ‘WA;*G‘H[ +|Ajely,,, + |A?—1e‘H,~,1
- 2 2 o 2 2 < 2
<|mix = hlg, + (L+ AR = fl,,, + T+ )AL X - gl
let

o 2 o P2 )
F(R) = |mi% = hlg, +|A% - flg,,, + A% -glh,,

least squares functional of the problem. set ¢y, ; := max{c;, ci_1 }

Corollary (error equivalence with least squares functional)

Let X € D(Aj)n D(A? ) and e:= x—X. Then

2 = 2
I+, i|e|D(A,)nD(A;_1) SF(X) < |e|D(A;)nD(A7_1)~

note |e|2D(A,~)nD(A’?*_1) =F(X)+ |7TA,-,13\|2.|/. + ‘WA,.*e‘IZ-!,'

note: also partial results for (part. conf. approx.) X € D(A;) or X € D(A} )
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds (without harmonic fields)

problem: ‘ find xeD(A;))nD(A};) st. Aix=f, Al x=g, mx=h ‘

‘very' non-conforming ‘approximation’ of x: | X € H; |L with X = A; 17+ ATZ+h

reasonable assumption (by num. method): ’ e=x-XeR(Ai_1) ®n; R(AT) Ln,Hi ‘

= e:7rA/.716+7rA%e€R(A,-,1)®HI. R(A:’)

= no error in the ‘harmonic fields' part |r;e|y;

Theorem (sharp upper bounds II)

Let X e H; and e := x - X Ly, H;. Then

2 2 2
|e|H,- =|ma;, e||-|,- ) \WA;*E\H,-a

—_ H . a3 P — v
ITA;_ €ln; = ¢€DT?X1?_1) (ci1lAf 10— glH,y + 1 — Zln; ),

7o eln; = Lein | (cilAip = Flu,yy + 1o = K, )-

no (computation of) projector 7; onto H; needed!

Dirk Pauly FAPEE for EMS ... and more i itat Duisburg-Essen, Campus Essen



RMMM 8 - 2017: Matheon Workshop - Reliable Methods of Mathematical Modeling Humboldt Universitat zu Berlin, Germany, August 2 2017
{eJele] ]
Functional A Posteriori Error Estimates for First Order Problem

Lower Bounds

recall problem: ‘ find x e D(A;)nD(A};) st. Aix=f, Al,x=g, mx=h ‘

‘very’ non-conforming 'approximation’ of x:

TA €+ e+ TseE Hi = R(Ai1) ®n; H; ®n; R(A])

error

Theorem (sharp lower bounds)

Let X e H; and e := x —X. Then
2 2 2 2 2 2
ety = Ira,y el + Imie, + [max ey 2 [ma,_yeff, + Imaxelf.

2 ~
_ - 2 (2% + Aj_1é, A1 b,
T,y elf, ¢£Ei>f,1)( (8: DMy — (2% + Ai16,Ai19)n;),

Imaselh, = max (2(f, ¢, — (2%+ Al o, ATo)n,),
; peD(AY)

Tie= h— 7T;5('.

The maxima are attained at ¢ € D(A;_1) with A;_1¢=7a, ;e and ¢ € D(A}) with
Afp=mpse.

Dirk Pauly FAPEE for EMS ... and more i i sen, Campus Essen



RMMM 8 - 2017: Matheon Workshop - Reliable Methods of Mathematical Modeling Humboldt Universitat zu Berlin, Germany, August 2 2017
(]
General Second Order Problem

Abstract Problem and Goal

problem: find x e D(AFA;)n D(AY ;) s.t.

AFAix=f
Alix=g
wix=h

equivalent mixed formulation (y := A;x):
find pair (x,y) € (D(A;) nD(A} ) x (D(AF)nR(A})) s.t.
[ ——

-D(AY)
Ajix =y, Ajy1y =0
Al x=g, Afy=f
mix = h, Tir1y =0

cont. solution theory v/: x = A:ly + (A ) 'g+hand y = (A7)7If
goal: functional a posteriori error estimates ‘in the spirit of Repin’

‘ for (X,7) € H; x Hi11 (very non-conforming!) ‘

‘ estimate |(x,y) = (X, ¥)|H;xH,,, in terms of X, and ¢, f, g, h, and ¢; ‘

Dirk Pauly FAPEE for EMS ... and more Universitat Duisburg-Essen, Campus Essen
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Functional A Posteriori Error Estimates for Second Order Problem

Upper Bounds

Theorem (sharp upper bound

Let (X,¥) e H; xH;11 and e := (x,y) = (X,¥) e H; x Hjy1.
Then miex = h— ;X and (1 -ma,)ey = —(1—ma,)y and

2 2 2 2
lexliy; = |ma;_y exliy; + Imiexliy, + |7"A;‘ exlii;»

2 2 2
|ey‘H,+1 = |ma;eyli,, +1(1- TFA,)ey|H,-+1

i+1
as well as
I7A; eylH;,, = 9631&?) (cilAFO—flu, +10 —}7\Hi+1), reg. (AjAY +1)-prbl. in D(AY) ‘
(= A )&l = (1= 7 )Ty = i JAGE = Flhs
b
|Ta;_ exlH; = ¢eDn(121,il) (c,-_1|A,7’_1¢ - glH,_, +lo- >”<|H,.), reg. (Aj_1 A} 1 +1)-prbl. in D(AT_{) ‘
. - 2
|7 ax exln; = L (I = Rlu; + cilAio = Yluy,, + FIATS =~ Fln,)-
i)
beD(AT)

cpld. (AFA; +1)-(A;AF +1)-sys. in D(A;)-D(A])
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Lower Bounds
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Applications to First Order Systems

Electro-Magneto-Static Maxwell

Q c R3 bounded domain with weak Lipschitz boundary ' = 8Q

rotr, E = JerotRr, in Q
~divr, eE = jedivDr, = L% or L? in Q

mE=HeH,, =Rr,0ne 'Dr, o

= E eRy, ﬂE_lDrn

A1 =Vr, HE c L2 > 12 ‘Rp, c L2 - L2

. -1 2 2 * _ -1 . 2 2

Dirk Pauly FAPEE for EMS and more i itd isburg-Essen, Campus Essen



RMMM 8 - 2017: Matheon Workshop - Reliable Methods of Mathematical Modeling Humboldt Universitat zu Berlin, Germany, August 2 2017
0e00
Applications to First Order Systems

Electro-Magneto-Static Maxwell

compact embeddings:
D(Ai-1) > Hi1 < Hll—t o L2 (Rellich’s selection theorem)

D(A;j) = H; < Rr,n e lrot Rr, cRr, N a’lDrn 12 (Weck’s selection theorem)

ci—1 = cgp (Friedrichs/Poincaré constant) and ¢; = ¢z (Maxwell constant)

N

VeeD(Ais1)  leln_, < cic1lAiigln; <= VeeH, lpli2 < cepl Vel 2

VoeD(AL) I8l <cialAfidl,, << V®ee'Dr,nVHE (O] < crpldived|

VoeD(A)) lelm; < cilAjeln,,, = V®eRp,neltrotRy, |¢‘\|_% < Gof rot @[ 2
=4

Ve D(AT) Wl < cGlATYln, VW eRr, nrotRr, V]2 < cal rot W
Helmholtz decomposition:
Hi= R(Ai-1) @, H; ®n, R(A}) < L2=VH[, &2 Hp 2 e trotRr,
orthonormal projectors:
A, Hi = R(Ai-1), Tax :Hj = R(AT), wi:Hi = H;

.12 1 12 -1 2
< Ty, + Lz > VHr,, Te-Lioty, © L »e“rotRr,, mp:LZ—>Hp,

Dirk Pauly FAPEE for EMS ... and more Universitat Duisburg-Essen, Campus Essen
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Applications to First Order Systems

Electro-Magneto-Static Maxwell: Upper Bounds

Theorem (sharp upper bounds I)

Let (very non-conforming!) and e := E — E. Then

2 2 2 2
|e|L§ = |myr, e|L§ + |1 rotr, e|L§ + ‘7‘(’De|L§

reg. (=Vr, divr  +1)-prbl. in D ‘
dee—1D £ n

= min (cfp|divad>+j\L2+|¢—E'|Lz)2
i €

. = \2
+ T'é?r (calrot® — J|yo + & - E|L§)

reg. (rotrn rotr, +1)-prbl. in th ‘

+ min  |[Vg+e! rot\|l+E_fH|ﬁ2.
¢sH}t,quan =

R .ol
cpld. (— divr Vr, )'("°tl't rotr . )-sys. in Hrr Rr,

v

@ (rotr, rotr, )-prbl. needs saddle point formulation.

o Q top. trv. = mp =0 and Rr, g = VH}[ and Dr, o = rotRr,

diam
o | Qconvexande=pu=1andl=Torlp=T = CfSCmSCpgiﬂ
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Applications to First Order Systems

Electro-Magneto-Static Maxwell: Upper Bounds

reas. asspt. (by num. meth.): L25 E=vVi+elrotV+H, e H}t, Ve Rr,
ee VH|13 Sz e lrotRr, 12 Hp e
= no error in the ‘Dirichlet/Neumann fields’ part |mpel,2

3

Theorem (sharp upper bounds I1)

Let

= e= E_EZWVrre*'ﬂ's*lrotrn

(very non-conforming!) and e = E — E. Then

2 2 2
|e||_§ = |7"Vrt e||_§ + |7r5_1 rotr,, e||_g

. . , = 2
= min cep|dived + +|®-E
¢€6’lDr,,( p| 2 +1 |Lg)

reg. (—Vrt divrn +1)-prbl. in DF,, ‘

. £ \2
+ ¢TFIJ|'1t (calrot ® = Jjo +|® - E|L§)

reg. (rotrn rotr, +1)-prbl. in th ‘

@ no computation of projector mp onto Hy, . needed!

a4
o |Q convex (ande=p=1)and ¢ =T or T, =T = cfSCmSCpSm

= everything is computable!

Dirk Pauly FAPEE for EMS ... and more i isburg-Essen, Campus Essen
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Applications to Second Order Systems

Dirichlet/Neumann Laplace

Q c R3 bounded domain with weak Lipschitz boundary ' = 8Q

~divevu=fel? in Q
u=0 at ';
v-eVu=0 at My
< Vu:EeVHll—t rot E =0 erotRr, in Q
—diveE=fel? or L2 in Q
u=0 vxE=0 at Iy
v-eE=0 at Iy
mE=0¢eH,,

= (u,E) eHE, x (e7'Dr, n VH}[)

Ajq=rotr, :Rr, c Lg L2

A, =etrotr, :Rr, cL? > L2

Dirk Pauly FAPEE for EMS ... and more i isburg-Essen, Campus Essen
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Applications to Second Order Systems

Dirichlet/Neumann Laplace: Upper Bounds

Theorem (sharp upper bounds)

Let (i, E) € L x L2 (very non-conforming!) and e := (u, E) - (i, E) el?xL2.
Then 7 =0, T_div e =id or mp2 and (1 -7y, Jeg = —(1 -7y, )E and
n 1L

2 2 2
‘eEng = |7|—Vrt eE||_§ + ‘(1 - ﬂ—Vrt)eEh_ia
I7vr, eE|L§ :¢esnjilr|‘3 (cep|dived + f| 2 +\¢—E|L§),

(1 -7y, el = (1 -7y, )Eli2 = min [Vo-E|;2,
€ € AﬂEH €

re
leslz = min (|- iil2 + cep|Vep — D2 + Fpdived + f]2).
weH}t, €
®ec!Dr,

o Ec Lg approx. of Vu = ‘ applicable to any DG—method‘

o Ifiie H|1't conf. approx. and E = Vii, then eg = V(u-i)e VH}t.
= |eE||_§ = |y, eE||_g = min&bee—lDrn (cepldived + flo +|® — E|L§)

(well known old estimate for conforming approximations!)
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More Applications

More First and Second Order Systems (FOS & SOS)

Q c R3 bounded weak Lipschitz domain

Electro/Magneto-Static Maxwell with mixed boundary conditions
V-rot-div-complex (symmetry!, de Rham complex):

Oor & 12 = o2 o2 W2 I paqo
4 —divr, & e Lrotr, -Vr, 3
related fos
Vrou=A inQ | rotr, E=J  inQ | divr, H =k inQ | wv=>b inQ
mu=a inQ | ~—divr,eE=j inQ elrotr, H=K inQ | -Vr,v=B inQ
related sos
—divr eVr,u=j in Q | et rotr, rotr, E = K inQ | -Vr,divf, H=8B in Q
ru=a inQ | ~divr, eE=j inQ | elrotr, H=K  inQ
corresponding compact embeddings:
D(Vr,) nD(m) =D(Vr,) = H%t o2 (Rellich’s selection theorem)
D(rotr, ) n D(~divr, &) =Rr, N silDrn — Li (Weck's selection theorem)
D(divr,) N D(571 rotr,) =Dr, NRr, = L2 (Weck's selection theorem)
D(Vr,) nD(x) = D(Vr,) = Hf, =L (Rellich’s selection theorem)

Weck's selection theorem for weak Lip. dom. and mixed bc: Bauer/P./Schomburg ('16)

Dirk Pauly FAPEE for EMS and more i itd isburg-Essen, Campus Essen
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More Applications

More First and Second Order Systems (FOS & SOS)

Q c RN bd w. Lip. dom. or Q Riemannian manifold with cpt cl. and Lip. boundary I

Generalized Electro/Magneto-Static Maxwell with mixed boundary conditions
d-d-complex (symmetry!, de Rham complex):

0 1 q N-1
P bo I b1 dr, dr, ON T
{0}orR =2 L= 2 L= 2 ... e B 2 Ror {0}
™ _ 61 _ 52 _ 5q+1 _ 5N L
Cn Fn [ In
related fos
dl E=F in Q
t
-l E=G in Q
n
related sos
q+l g £ _ .
—érn dFtE_F in Q
-8l E=G in Q
n
includes: EMS rot / div, Laplacian, rotrot, and more. ..
corresponding compact embeddings:
D(d?r) n D(&?n) o L2 (Weck's selection theorems)

Weck's selection theorem for Lip. manifolds and mixed bc: Bauer/P./Schomburg ('17)

Dirk Pauly FAPEE for EMS ... and more i isburg-Essen, Campus Essen
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More Applications

More First and Second Order Systems
Q c R3 bounded strong Lipschitz domain

Elasticity
sym V-Rot RotJ-Divs-complex (symmetry!):

17: Matheon Workshop - Reliable Methods of Mathematical Modeling

Humboldt Universitat zu Berlin, Germany, August 2 2017

(FOS & SOS)

T .
. 5 symVr Rot R°tS,r Divs ) x
{0} = L 2 2 2 2 RM
T — Divg Rot Rot; —symV v
related fos (Rot Rm.sr r+ Rot Rotg first order operators!)
symVpv=M inQ | RotRotng:F inQ | DivgrN=g inQ | v =r in Q
v =0 inQ | -DivgM=f inQ | RotRoth:G inQ | -symVv=M inQ

related sos (Rot Rots-\r Rot ROt;,r second order operator!)
—-DivgsymVrv=Ff inQ |
wv=0 inQ |
corresponding compact embeddings:
D(sym Vr) n D(x) = D(Vr) = Hf = L?
D(Rot Rot] ) n D(Divg) — L3
D(Divg 1) N D(RotRotg ) = L3

D(w)nD(symV) =D(V) = Hl o 12

Rot Rotg RotRotf r M = G

~-DivgM = f

inQ | -symVDivgrN=M inQ

inQ | RotRot{ N=G  inQ
(Rellich’s selection theorem and Korn ineq.)
(new selection theorem)

(new selection theorem)

(Rellich’s selection theorem and Korn ineq.)

two new selection theorems for strong Lip. dom.: P./Zulehner ('17)
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More Applications

More First and Second Order Systems (FOS & SOS)

Q c R3 bounded strong Lipschitz domain

General Relativity or Biharmonic Equation
VV-Rotg-Divp-complex (no symmetry!):

. 5 VVr 2 Rots,r o  Divrr , om
{0} =2 L 2 Ls 2 T 2 L* =2 RT
™ div Divg sym Rotp —devV L
related fos (VVr, divDivg first order operators!)
VVru=M inQ | RotsrM=F inQ | DivirN=g inQ | TV =r in Q
Tu=0 inQ | divDivgM=f inQ | symRotyN=G inQ | -dev¥Vv=T inQ
related sos (div Divg VV = A|2— second order operator!)
div Divg eru=A|2—u= f inQ | symRotrRotgrM=G inQ | —devVDivprN=T inQ
wu=0 inQ | divDivg M = f inQ | symRoty N=G  inQ

corresponding compact embeddings:
D(VVr)nD(w)=D(VVr) = H|2— o2 (Rellich’s selection theorem)
D(Rotg, ) N D(divDivg) — Lé (new selection theorem)
D(Divy ) n D(symRoty) — lel‘ (new selection theorem)
D(7) n D(devV) = D(devV) = D(V) = H! & L2 (Rellich’s selection theorem and Korn type ineq.)

two new selection theorems for strong Lip. dom.: P./Zulehner ('16)

Dirk Pauly FAPEE for EMS ... and more i isburg-Essen, Campus Essen
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More Applications

There are More Complexes . . .

...the world is full of complexes. ;)

Hence: relaxing and enjoying complexes at

AANMPDE 10

10th Workshop on Analysis and Advanced Numerical Methods
for Partial Differential Equations (not only) for Junior Scientists

https://www.uni-due.de/maxwell/aanmpdel0
October 2-6, 2017 Paleochora, Crete, Greece

organizers: Ulrich Langer, Dirk Pauly, Sergey Repin

Dirk Pauly FAPEE for EMS ... and more Universitat Duisburg-Essen, Campus Essen
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