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What are Evo-Systems? Evo-Systems
Solution Theory

What are Evo-Systems?

Consider systems of the form
(dot +A)U =F,

where A, A* are accretive in a real Hilbert space H and .# is a
so-called material law operator. Solutions are discussed in a
weighted real [%-space Hp (R, H), constructed by completion of the
space 3 (R, H) of differentiable H-valued functions with compact

support w.r.t. (‘]->p,H norm: Hp,H)
(@.w) = [ (@) w(t)y exp(=2pt)dt.

Time-differentiation dy as a closed operator in H, (R, H) induced by
Ci (R, H) C Hy (R, H) = H, (R, H),
¢ ¢
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What are Evo-Systems?

Time-differentiation dy is a normal operator in H, (R, H). For
Po €1]0,00[, p €]po, o[, we have

symdy = p > pg >0,

i.e. dp is a strictly (and uniformly w.r.t. p € [pg, o) positive definite
operator

with respect to the real inner product

(‘Pa W) = Re <¢|W>p,H'

Allows the discussion of the problem class:

(M (95")+A)U=F (Evo-Sys)
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What are Evo-Systems? Evo-Systems
Y Solution Theory

Basic Solutlon Theory of Evo-Systems in H, (R, H)

(oM (9 1) +A)U = (Evo-Sys)

Theorem

Let z— M (z) be a rational ¥ (H, H)-valued function in a
neighborhood of 0 such that

pM(0)+symM’ (0)+ A, pM(0) +symM’ (0)+A* > ¢ >0

for some ¢y € R and all p € ]0,[ sufficiently large. Then
well-posedness of (Evo-Sys) follows for all p € ]pg,|.

71
Moreover, the solution operator (oM (dy ') +A) s
causal in the sense that

-1
X0 (oM (9 )+A) =% (80I\/I(8 )+A) %]—m.,ol'
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On a Degenerate Eddy Current Problem.

The Pre-Maxwell Equations.

We want to inspect
(806+cur|,u_1cﬁr|> E=—-0dyJ=1",

where o, are continuous selfadjoint mappings with ¢ >0 and
strictly positive definite. We read off

P (EIGE), g0+ (clrlE|u"cirlE) 0= (Elf)pa0
showing that EeN(o)NN (chI)
will cause difficulties, unless
feHy = (N(G)ﬂN(chI))L.
Moreover, E € Hy

will enforce uniqueness.
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On a Degenerate Eddy Current Problem.

The Pre-Maxwell Equations.

History: vast literature!

For example: R.C. MacCamy, E. P. Stephan (1984), H. Ammari, A.
Buffa, J.-C. Nedelec (2000), T. Pepperl (Dissertation, 2006), M.
Costabel, M. Dauge, S. Nicaise (2003), M. Kolmbauer, U. Langer
(2011) , E. Creusé, S. Nicaise (2012-2016), Ana A. Rodriguez,
Alberto Valli (monograph, 2010), X. Jiang, W. Zheng (2012-14)
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e O=R3
e non-degenerate

@ time-harmonic
o time-dependent

o degenerate

e time-harmonic
e time-dependent
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e O=R3 e Q C R3 bounded domain
e non-degenerate

@ time-harmonic

o time-dependent
o degenerate

@ time-harmonic

@ time-dependent
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@ time-harmonic
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o degenerate

e time-harmonic
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On a Degenerate Eddy Current Problem.

The Pre-Maxwell Equations.

What is missing?
Solution theory with general operator coefficients for 'rough’
domains.

Opu=".

Well-posedness = “The linear operator Op: D(Op) C X — Y is
injective and surjective, X, Y Banach spaces”.

Frequently, Y is not complete, sometimes Op is replaced by bvp
Always smooth (at least Lipschitz) domains and interfaces.
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On a Degenerate Eddy Current Problem.

The Pre-Maxwell Equations.

Evo-System: I\/I(&Jl) =0, A= A" =curlp Lcurl.

For the underlying domain Q2 we assume .%p o={0} and the
compact embedding property

D (cfm) N D (div) = [2(9).
Since for E € D (curlu‘lcﬂrl)

EleurucurE) = (cirlE|u " curlE )
< |curlu™ cur 500 curl E|p™ *cur 500

it suffices to show

C
(E|GE), 00+ <cur|E|u cur|E>p70’O > 6o (E|E), 0,0

forall Ee D (curl) N Hy.
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The Pre-Maxwell Equations.

o is degenerate in the sense that
0=10.01g,
for
G: L7 (Qc,R%) — L7 (Qc,R?)
such that & is strictly positive definite, where the open set Q. C Q

is assumed to be such that Q. C Q and that Q. has a Lebesgue
null set as topological boundary.

HE = N (cirl) N L2(Q\ 20, R?).
As an assumption on the boundary quality we require

Hi = N (cirlg g, )

for which for example segment property for Q. would be sufficient.
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On a Degenerate Eddy Current Problem.

The Pre-Maxwell Equations.

Here chIQ\QfC denotes the operator curl constructed with Q
replaced by Q\ Q. In this case

Hy = R <curIQ\Q—C> & 12 (Q,R?)
~ (R(gradng) @%DVQ\Q—C)l ® L% (Qc,R)
= (N (divga, ) N # 5 i) © L2 (2, RY),

where griadQ\Qj denotes the operator groad constructed with Q

replaced by Q\ Q., diVQ\ch = —grad;\ﬂj with adjoint taken in
L% (2\Qc,R?) and

%Dvﬂ\ﬁc =N <dIVQ\976> NN <CUI’|Q\976>
denotes the space of harmonic Dirichlet fields in L% (Q\ Qc,R3).
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On a Degenerate Eddy Current Problem.

The Pre-Maxwell Equations.

We will use the orthogonal decomposition
H()ZR(CUFl)EBHlEBHQ. (1)
where

Hy =N (chI) NR(c)=N <CJFIQC> CN (chI)

Hy = N (cirl) 0 (N (diva) N # g, ) @ (N (divg g, ) N p 00 ))
CN (cﬁrl .
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On a Degenerate Eddy Current Problem.

The Pre-Maxwell Equations.

Lemma : We have for Uy € Hy, k=1,2,
2 2
2o, (Ui + U2)|” = [Us P + |, Ua|”

Proof : (Idea) Uy =y, U1 = gVBdQCW L N(divg,) and
Xo. U> € N(diVQC).

L]
We also note: we have for some positive constant kg that
) . 2
|U0‘ < k() ‘curIUO‘
for all Up € D (can) AR (curl).
Proof : (Idea) compact embedding property.
L]
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On a Degenerate Eddy Current Problem.

The Pre-Maxwell Equations.

Finally we need the following more subtle lemma.
Lemma : We have a positive constant k; so that

|Us| < ke | x5, Us| (2)
for all U, € H> .
Proof : (Idea) U, =gradp € N (cﬁrl) and
divgradg =0 in Q. UQ\ Q..

Common boundary values on the interface! Thus, U is determined
by X, Uz and the continuity estimate can be shown.
O

Lemma : There is a positive constant ¢y such that we have
2 . 12
w|UP < )ol/w] —l—‘curlU‘ (3)

for all U € D(C)N Ho.
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The Pre-Maxwell Equations.

Proof : We observe
_ 5 . 2 12 2 o 2
min{1,c.} { | X, U —|—‘cur|U’ S‘G U’ —i—’curlU‘
and so the estimate follows if we can show that

.2
alUP? < {)(QCU‘z—i- curIU‘ .

We shall employ the above decomposition so that
U= Uy+ Ui+ Uy with Uy € R(curl), Ux € Hy, k=1,2.

(UP = Vol + | ]+ Ua]?

IN

o 2
K [cir o+ 1o, U + K3 | 2, U]

IN

o 2
i |ctrlUo|”+2 max {1, K3} 1o, (Uo + Us + Ua)[" +
+2 max {1,k3 } |Uo|?,



On a Degenerate Eddy Current Problem.

The Pre-Maxwell Equations.

(UP = Vo> + | ]+ Uo]?

IA

. 2
kg ‘curIUo‘ + ‘XQC Ul}2 +k22 ‘?CQC U2‘2

. 2
< kg ’curIUo‘ +2 max{l,kzz} ‘Xﬂc (Up+ U + Ug)‘z—i-
+2 max{l,kzz} |U0|2,

< max{l,kg} (142 max{l,kzz}) (‘cﬁrlU‘2+‘xQCU}2).
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