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Biharmonic problems

domain Q ¢ RY, d € {2,3}, bounded and simply connected
boundary 002 =T connected, polygonal/polyhedral

find v such that
ANu=f inQ, u=0d,u=0 onl
observe that
A%y = div Div (V2u)
primal variational formulation

find ue W = H3(Q) such that
/ V2u:V2vdx = (f,v) forallve W=H2(Q)
Q

in short
A2u=f in W*=H23Q)
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Biharmonic problems

observe that
A%y = —divDivM with M= —V?u
mixed variational formulation

find M € L2(Q2,S) and u e H2(Q) such that

M +V2u=0 inL3%Q,s)
div DivM = —f inH2(Q)
in detail
/M:Ndx +/(divDivN)udx0 for all N € L2(Q, S)
Q Q
/(div DivM) v dx = —(f,v) forall v e H3(Q)
Q
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Biharmonic problems

New variational formulation for f < H='(Q)
Find M eV and u e H}(Q) such that

M +V2u=0 inV*
div DivM =—f inH(Q)

The space L?(9Q,S) is replaced by
V ={N e L%Q,S): divDivN € H='(Q)} = H>~'(div Div; Q,S)

norm
5 o 5 \1/2
INIv = (INI + Il divDivN|2,)
Bernardi/Girault/Maday (1992), Z. (2015), Pechstein/Schéberl (2011)
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Biharmonic problems

Find M € V = H% '(divDiv;Q,S) and ue Q = H}(Q) such that

(M,N) + (divDivN,u) =0 forallN eV
(divDivM, v) =—(f,v) forallveQ

Theorem
The mixed problem is well-posed in V x Q, equipped with the norms

R 1/2
INIv = (INIZ + Il divDivN[2,) ™, [Vl = Ivis.
Its solution (M, u) satisfies u € W = HZ(Q) with

A2u=f inW*=H2(Q)

and, vice versa, ...

Krendl/Rafetseder/Z. (2014,2016)
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A Helmholtz-like decomposition

Each M < H%~"(div Div; Q,S) can be uniquely written as
M=pl+M, with | identity matrixin RY
where p € H}(Q2) is determined by

divDiv (pl)) = divDivM
———

and
divDivMy =0
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Kernel of divDiv in 2D

Let M€ L?(Q;S). Then
divDivM =0 <= M=symCurl¢p, ¢ € H'(Q)?

with
Curl ¢ — [92¢1 —81¢1]

Oopp  —01¢2

Proof.
Since div (DivM) = 0 and DivM € H='(Q), we have

DivM = curl p = — Div Spin(p) with Spin(p) = [2 _0”] .

for some p € L?(Q). O

v
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Kernel of divDiv in 2D

Proof.
Hence Div (M + Spin(p)) = 0. Therefore

M + Spin(p) = Curl ¢.
for some ¢ € H'(Q)2.

This implies

M =symCurl¢ and Spin(p) = skw Curl ¢.

Beirao da Veiga/Niiranen/Stenberg(2007), Huang/Huang/Xu (2011)
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Kernel of divDiv in 3D

Let M € L?(Q;S). Then

divDivM=0 <= M=symCurl®, & c H'(Q)

Since div (DivM) = 0 and DivM € H=1(Q), we have
0 —p3 p2
DivM = curl o= — Div Spin(p’) with Spin(g) = | p3 0 —p
—-p2 p1 O
for some 5 € L?(Q). O
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Kernel of divDiv in 3D

Hence Div (M + Spin(p')) = 0. Therefore

M + Spin(p’) = Curl ®.
for some ® ¢ H'(Q).
This implies

M =symCurl® and Spin(p) = skw Curl ®.

Since symCurl(gl) =0 forall g € L?(Q), we also have

divDvM =0 <= M=symCurl®, & € H(symCurl;Q,T)
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Decomposition of the biharmonic problem

Find M €V = H% '(divDiv;Q.S) and ue Q = H}(Q) such that

(M,N) + (divDivN,u) =0 foralN eV
(divDivM, v) =—(f,v) forallveQ
in 2D
M= pl+symCurl¢, N=qgl+ symCurly
in 3D

M=pl+symCurl®, N=ql+ symCurl¥
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Decomposition of the biharmonic problem

°

(M,N) + (divDivN,u) =0 for N=ql

<~ (pl,ql)+ (symCurl¢,ql) + (Aqg,p) =0
°
(M,N) + (divDivN,u) =0 for N =symCurly

< (M,symCurly) =0

<~ (pl,symCurl) + (sym Curl ¢, sym Curl ) =0
°

(divDivM,v) = —(f,v) <<= (Ap,v)=—(f,v)
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Decomposition of the biharmonic problem

Find p e H}(Q), ¢ € H'(Q)?, and u e H}(Q) such that
(pl,ql) + (sym Curl ¢, gl) +:0
(pl,sym Curl ) +’ (sym Curl ¢, sym Curlw>‘ =0
<Ap7 V> = 7<fv V>

forall g € H}(Q), v € H'(Q)?, and v € H}(Q).
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Decomposition of the biharmonic problem

Find p € H}(Q), ® € H(sym Curl,Q,T), and u € H}(Q2) such that
(pl,ql) + (symCurl ®), ql) +|{Aq,u)|=0
(pl,sym Curl ¥) +’ (sym Curl ®,sym CurI\Il>‘ =0
(Ap,v) =—(f,v)

for all g € H{ (), ¥ € H(sym Curl,Q,T), and v € H}(Q).
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Kernel of sym Curl in 2D
Let ¢ € L2(Q)?. Then
symCurlp =0 <<= ¢ecRTg={ax+b: acR, beR?}

symCurl¢ =0 = Curl ¢ = skw Curl ¢ = Spin(p)
= 0= Div(Spin(p)) = —curlp

curlp=0 = p(x)=a forsomeacR

Curl(¢(x) —ax) = Spinp — Spina=10
— ¢(x)—ax=>b somebecR2

Ol

v
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Kernel of sym Curl in 3D

Let ® € L?(Q2). Then
symCurl® =0 <= ®=ql+Vy, gcl?Q), veH'(Q)®

symCurl ® =0 = Curl & = skw Curl & = Spin(p’)
= 0= Div(Spin(p)) = —curl g

curlf=0 = f=Vq forsome q e L3(Q)

Curl(® — ql) = Spinp — Spin(Vq) =0
— & -—qgl=Vv someveH Q)3

Ol

v
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Hilbert complexes

Let ® < L?(Q,,T). Then

symCurl® =0 <= & =devVv, veH'(Q)?®

exact Hilbert complex

HI(Q)2 22U Ho.~1(div Div; Q,8) -2YB%, H-1(Q)
exact Hilbert complex

H'(Q)® Y H(symCurl; Q,T) 2™ H~'(divDiv; Q,S) ~ 22, H-'(Q)

Quenneville-Bélair (2015)

devVv=0 <= veRTp={ax+b: acR, beR3

Walter Zulehner (JKU Linz) Mixed methods for biharmonic problems AANMPDE 2016 19/37



Biharmonic problems in 3D

Gauging
divDvM =0 <= M=symCurl®, ® € H(symCurl;Q,T)

Observe that ® is uniquely determined in
H(sym Curl, Q, T) N Ho(Div, Q)

with
Div®=0 inQ2, ®n=0 onT.
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Decomposition of biharmonic problems in 2D

Since

symCurly = (dive) 1 —symVyt  with ¢+ = [1;/12}
1

it follows that

’ (sym Curl ¢, sym Curl 1) ‘ = / sym Vet : sym Vit dx
Q
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Decomposition of biharmonic problems in 2D

decomposition

@ Poisson problem with Dirichlet boundary conditions for p

Ap=f inQ, p=0 onTl

©@ pure traction problem with Poisson ratio 0 for ¢

~Div(symV¢')=Vp inQ, (symVe¢-)n=0 onTl

© Poisson problem with Dirichlet boundary conditions for u

Au=2p+divet inQ, u=0 onTl
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The Hellan-Herrmann-Johnson method
k € N, Py polynomials of total degree < k.
approximation space for M

V,={NeL?%Q,S): N|; € P,_q forall T € 75, and
N, is continuous across all E € &p}.

approximation space for u
Qh = Sho = ShN H(Q)
with the standard finite element spaces

Sh={veC(Q): v|rePforall T € Tp}
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Discretization

Hellan-Herrmann-Jdohnson element of order k = 1

degrees of freedom

Mnn Mnn

M, u
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Discretization

Hellan-Herrmann-Jdohnson element of order k = 2

degrees of freedom
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Discretization

Hellan-Herrmann-Jdohnson element of order kK = 3

degrees of freedom

Mnn o IVlnn
M
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The HHJ method

Observe that
V, ¢ V =H%1(divDiv; Q,S)

Hellan-Herrmann-Johnson (HHJ) method:

Find My, ¢ V,, and up € Qp such that

<Mh, Nh> + <dIV Divy Np, Uh> =0 for all N, € Vy,
(div Divy, Mp, vp) = —(f,vy) forall vy, € Qy
where
(divDivy N, v) = > {/ N:V2vdx— [ Nppopv ds}
rer, UT oT
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The HHJ method

normon V.
5 A 5 \1/2
INIv,n = (1INJ3 + || div Divy NI, )
with v
, V)
1€l 1n= sup i
O#VhGSh,o | Vh|1
normon Qp:

IVile = Ivl

The mixed problem is uniformly well-posed in V, x Qp w.r.t

L 1/2
INIv» = (INIB+ [ divDiva NI, ), [[vilg = IVis.
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The HHJ method

Helmholtz-like decomposition
Each My, € V, can be uniquely written as
M, = I1,(pn1) + sym Curl ¢4,
with pp € Sho and ¢y € (Sh)2 and the interpolation operator
y: WcV-—V,
given by the conditions
/E((HhN)nn —Npn)gds=0, forallge Px 4, E €&,

/(HhN—N)qu—O7 forallge P2, T€7h
JT

Brezzi/Raviart (1977)
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The HHJ method

With the representation

M, = I1,(pul) + symCurl ¢, and Np = II4(gnl) + sym Curl iy
the HHJ method reads:
Find ps € Sho, ¢n € Sz, and up € Spp such that

(ITn(pp ), IIp(gnl)) 4 (sym Curl ¢p, IIx(gnl)) +| (Aup,qn) |=0
(I1p(pn 1), sym Curl o) + ’ (sym Curl ¢p,, sym Curl yp) ‘ =

(Aph, Vh) = —(f, vn)

forall g € Sho, ¥n €S2, and vy € Spp.
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The HHJ method

Hellan-Herrmann-Jdohnson element of order k = 1

all degrees of freedom for M and v are collocated

p? ¢7u
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The HHJ method

Hellan-Herrmann-Jdohnson element of order k = 2

all degrees of freedom for M and v are collocated

p? ¢7u
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The HHJ method

Hellan-Herrmann-Jdohnson element of order kK = 3

all degrees of freedom for M and v are collocated

p? ¢7u
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Extensions

Kirchhoff-Love plate
—divDivM =f with M=-DV?u inQ
with the boundary conditions

u=0, opu=0 onl¢
u=20, M,,=0 onlg
Mnn = 07 83Mns + DlVM N = O on rf

on
r:chrsurf

and the corner conditions

[Mps]x =0 forall x € Vy,
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Extension: Kirchhoff-Love plate

primal formulation

uecW={veH?(Q):v=00nT,UTls dpv=00nT¢}

mixed formulation
ueQ={veH (Q) :v=00nT,UTlg}
MecV={NclL?Q,S): divDiviyN e Q*}
with
(divDiviy N, v) :/QN:VZV dx forallve W
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Extension: Kirchhoff-Love plate

Helmholtz-like decomposition
For each M € V there exists a uniqgue decomposition
M = pl + sym Curl ¢,

with p € Q and ¢ € H'(Q)? subject to

((Curlp)n, VVv)r /panv ds forallve W

on I,: void
onls: n-0sp=0
on Ty n-9s¢p=p and s-9s¢ =0
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Extensions

General self-adjoint fourth-order problems
div Div (DVZU) — div(KVu)+cu=f inQ,
mixed formulation

M +V2u=0 inV
divDivM — (—div(KVu)+cu)=—-f inQ

decomposition M = pl+ sym Curl ¢

2p +curl¢ +Au=0 inQ
curl p + Curlsym Curl ¢ =0 inV
Ap —(—div(KVu)+cu)=—f inQ
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