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1. The transmission problem A

Au—au—Ekluju—-pu-V)3u—Vp=£fand V-u=0 inQy;

Au—Vp=0and V-u=0 inQ_;

Yyuy —y-u_ =hy onI' = 099 connected boundary and

Ot o (s, s (Fr +Ey (kfuy [ug + B(uy - V)uy)) — pdy, (u-,p-;f-)
+3P(y-u_+v4uy) =gy onl;

u_(00) =uw : lim [ |Ju_(y(x)) —us|ds, =0, (Leray).

|x|—00 §2(x)

Q4 C R3 bounded Lipschitz; Q_ = R*\Q ;a,k, 3 > 0;
P(x) € L=®(I)*3 | P(x) = P*(x), V€ € R : (P&, &)rs > 0;
S*(x) = {y(x) : ly(x) — x| =1}; E(v) := 5(Vv + (VVv)");

(O£, (0F, p £5), @) 2(r) = 2(E(u), Evi' ¢) 120,
Falus, v ) r2ay) — (. div (V') 2oy + EF5 75 @) 2l
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2. Function spaces :
HYR®) = {f | FT (1 + [€) 2 Ff : fe (R}, h
H*(Q):={f €D'(Q) : IF € H*(R®) A Flg = f},
H*(Q) := {f € H*(R*) Asuppf C Q1},

(H*(Q)) = H*(Q), H*(Q) = (H*())", L*(Q)—duality;
o) == (1L+[x|)V2, LP(o™ Q) = {f | 07" f € LP(Q)},
H' Q) :={feD(Q )| 'fel*(Q)AVSe L)}
I f 3y = e f ey + I VFlZ20y),
HU(Q) =DO) e c o),
HY(Q) == {v e H'(R®) Asuppv C Q_},

HH Qo) = (7)) HOH ) = (HNQ-)s

Embedding: H1(Q2_) < L5(Q_) for Q_ C R3.
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Traces: ppcs
* 00

Y4+ - Hl(Qi) — H
y_tHY Q) - H

(T), 345"« HYX(T) — HY(Qg),
(') surjectively (Lang+Méndez 2006, Mikhailov 2011) .

[ I

3. Solution properties for Brinkman and Stokes systems

Lemma: (Amrouche+Razafison 2006) Let u € D' (Q_)3AVu € L?(Q)3*3.
Then there exists uy, € R3 s.th. u — uy, € H1(Q_)3,

U =1 |xl\igloo u(y(x))dsy,
SQ

ue L)%, |lu— sy < C|Vulr2_ys,

lim /|u(y(x)) — Uxlds, = 0.
S2

|x|—o00
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Lo(ug,ps) = Aus —auy — Vpy, cod X8
~ *e
HY(Q4, L) = {(us,pe., fr) € H (Qw)? x L2(Q) x H(Q1)*}.

Lemma: Let o > O, Ea(ui,pi) :Af:i,div ur =0in Qi and
(ui7pi7?i) € Hl(Qia La)
Then Green's formula holds for all w € H'(24):

(0 (U, pas, ), v W)r = 2(E(us), E(W))a, + afus, w)a,
— {pa, div Wha, + (fx, W)a,
and aia(ui,pi,?i) e H'2(I).

Lemma: Let @ = 0 and (u,p) € H'(Q-,Lo) be a solution of the
Stokes system. Then Green's formula holds in 2_ and 0,,.0(u, p, E) €
H-Y2(T).

If f- = 0 then u(x) = O(|x|7!), Vu(x) = O(|x|72)

and p(x) € O(|x|~2) for |x| — oo.
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4. Potential operators

Brinkman fundamental solution in R3:
(for n = 2 see e.g. Kohr & Pop 2004)

5.(2) = s {0 As (Valal) + 3 Az (valal) }

Ai(0) =21+ 0 " +07%)—20° =130+
Ag(o) = =27 2(1+30 1 +3073) +60 %=1

PL(z) = %{5ik(a|z|2 ~2) ks +6

Stokes fundamental solution: Set o = 0.

Prof. Dr. Dr.h.c. Wolfgang L. Wendland Potential Methods

J

P (z)

3

19 —

1 .2

ZiZk

ER

3

2

— 0% —

Siir(z) = P (2)8ir + 0G5 (2) + 0:Gy;(2)
1

2%
L X4
00"

6/25



Newton potentials: KX
“00
~ * %%
N, ®);(x) === [ Gh(x—y)Ws(y)dy: H (1)’ = Hg, (Q+)°,
yEQ+
(Pra, ®)(x) = — [ Pp(x—y)Uuly)dy: 01 (Qu)F — L2(Qu)*,
yeQy

Surface Potentials: ¥(x) = (y1'g)(x), x € Q4;

(Vayr);(x) = — fF G5 (x — ¥)gr(y)dsy PHV2(T)? — Hyy (1),
(Pirg)(x) = — fF Pg(x —y)gk(y)dsy CHOVA(T)? 5 L2(Q4)?.
(War)k(x) = — fF She(x = y)ne(y)hi(y)dsy + HY/2(T)? — Hj, (Q+)°,
(Plrh)(x) = fr Py (x = y)ni(y)hi(y)dsy : HY*(I)? = L*(Qx)?.
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Boundary integral operators and jump relations at x ¢ I": oo,:"
(7£Varg);(x) = Varg);(x) = [ G5.(x —¥)gr(y)dsy
yel

H—1/2(F)3_>H1/2(F)3
(7£Wa;rh);(x) =: £565hk(x) + (Kasrh);(x)
= £36khi(X) +pv. [ S8(x— y)nk(y)hi(y)dsy :
*Avel HI/Q(F) N H1/2(F)3,

)

Onair (Vairg, Parg);(x) = F50;105(x) + (K" arg);(x) -
(H13)" = (HYVA()°,
9%, (Warh, PLih);(x) = (Darh);(x) : (HY2(1)* — (HV(1)%

nao;l

Ker V,.r = Rn.
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Theorem: The linear problem with £ = § = 0 has for given data
fr € HHQ4)?, hy € HY2(D)?, go € HTV2(I)?, uy € R

a unique solution (uy,ps) € H}, (Q4)% x L*(Q4),

(u_,p-) € HL (Q-)% x L3(Q-) and

{lhasllmr @) + P+ lli2y) + v —usllmi@o)s + llp-llL2@-)}
< C{Hf+||ﬁ1(g+)3 + ||f—||ﬁ71(Q7)3 + ||h0||H1/2(F)3 + ||g0HH*1/2(F)3}

with C' = C(Q4, P, a, ), satisfying

lim [ |[u_(y(x)) — us|dsy =0
|x‘—>0082
and

(1 (%) = us) = O(Ix| 1), Vu_(x) = O(Ix|7?) , p—(x) = O(|x|7?)
for |x| — oo.
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Sketch of the proof: I a n S ¢ ‘3‘
)

1. Ansatzz uy = vy + Wy, py s +me; a=0in Q_; JRR e
-~ ~ *e

where v£ = Ny 0, f+, Pyt = PF.q. [+ satisfying the homogeneous

Brinkman system in Q2 and Stokes system in Q_.
2. wy = Voz;l—‘so + Wa;F(Pa T+ = P;;F‘P + P&l;p‘I’,
Y+W4 —y-W_ =hgo =ho =y vy +y-v_,
(Wi 1) = 0o (Wo o) + 5P(y W +7-W-) = goo
=80 — 00 (Vi mp) + 100 (Vo o) — §P(v4 vy + -V
3. Transmission conditions on T yield for & € HY/2(T"), ¢ € H~'/2(I")
the Fredholm equations @ = K, 0.1 ® + Va,0.r — hoo,

A +WI+ Q- pEite = —(1—@)Dor® — Door® — Ko re
_%P((Va,l“ +Vor)e + (Kar + KO,F))‘I) -+ 8oo-

The operator {...} is invertible on H~'/(T") and
Da’();r = Da,p — DO,F7 K:;,O,F = K;,F — KS,F_ and 7)( . ) are
compact.

4, Green's theorem and vanishing energy for hyg = goo = 0 implies
uniqueness.
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6. The nonlinear Darcy—Forchheimer—Brinkman transmission .,‘:0"
problem

Lemma: Let £ (w)(x) := {W(()X) ;:Z: i E %j Then the nonlinear

mappings Zj, .0, (v) :== E4(klv|v + B(v - V)v) are positively homo-
geneous of order 2 and for v € H}, (Q4)3 into
L3/2(Q4)% and H-1(€Q4)? are bounded:

1Z5.500 Vo2, < 1V @)

1Zkp.0. D510, s < 1l o,
and for v,w € H'(Q)3 it holds

1Zk,5.04 (V) = Zrp00 (W)l o1, 4o
<ei(v iz + 1wz v —wlla o, )s-
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Theorem: For the nonlinear problem .
Au—ocu—FEklulu—fu-Viu—Vp=fand V-u=0 inQy;
Au—Vp=0and V-u=0 inQ_;
Yyup —y-u_ =hy onI =090 and
Of o (up, pys (Fy +Ep (Kluguy + B(uy - Viuy)) — pdy, (u_,p_; )
+3P(y-u_+~y4uy) =go onl;
lim [ [u_(y(x)) — uxlds, =0
)

[%|—o00 S2(x

there are two positive constants ¢ and 1 depending on Q. P, o, i, k, B
such that for all given data with

B I E o hg,us)|lx =
{Hf+Hﬁ—1(Q+)3+Hf—||ﬁ71(Q+)3+Hh0||H1/2(F)3+||g0||H*1/2(F)3+‘u00I}SC
the nonlinear problem has a unique solution satisfying

(0t py v — oo, p-)[ly =

{Iha ]z s + 14l ee )+ - —usellmr oy + -2y} <7
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Corollary: The solution satisfies the apriori estimate
H(u-‘rap-‘r7 u_ — uOO7p—)||Y S Cll(f+7 f—a h07 g0, uOO)HXo
with C'= C(Q4, P, a, 1v). Moreover

lim [ |u_(y(x)) — usl|ds, = 0.

|x|—>ooS2
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Sketch of the proof: o'e

Let v € H*(2,) be given and solve for u:
Au—ou—Vp=fi+klvju+B(v-V)u, V-u=0inQ,,
Au—Vp=0,V-u=0in Q_.
Y4y —y-u_ = hy, N
Ot (i, pis (B + By (klvlu+ B(v - V)u)) = uV o (u_,p-,f )+
+P(y-u- +v4uy) =goonT,

lim [ |u_(y(x)) — uslds, =0,
|x|—o00 52(x)
This defines a mapping v — u =:U(v) : B, — B
where B C H}; (€24)% is a closed ball of radius ¢. The a priori estimates
are uniform with respect to v and they allow us to find { > 0 such that
U becomes in B¢ a contraction if the given data are small enough. Then
the Banach—Cacciapoli theorem yields the unique existence of u € B
with U (u) = u.
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7. The problem on a compact Riemannian connected boundaryless
orientable manifold M,,_; C R™.

In every chart of a finite atlas let for e, CR" x=x(¢),
the basis of the tangent bundle be: 9; = %x, ji=1,....,n—1,
fundamental tensor: g;, = 0;x - OX, g gmi = 01 ; g = det g
For u(€¢) = u/9; tangential field in the tangent bundle,

divu= ﬁ&k(\/guk), (gradp) = (¢7%0;p)0 and uy = geru®.
Riemannian or Levi—Civita connection:

Fﬁk := ¢'™(9;0kx) - Opyx Christoffel symbol of 2nd kind,

covariant derivative: Vv := u/ (9;0% + F?Evf)ﬁk

deformation tensor: (Def u)y, = 2 (Opue — T, + Opuy — Tty
adjoint: (Def*A)k = 7(diVA)k = 79”14@]9;,5 = fg“(é)tAgk — F:?Amk)
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Assumption: M, _; does not admit any nontrivial Killing field oloy
X, i.e. satisfying Def X = 0.

Darcy—Forchheimer—Brinkman system on M,,_1:
(Lu)y, := 2(Def*Defu)y, = —g**{95(Opue — TP um + Opug — Thusy,)
—T 0 (Ortton — Tyt + O =T 05) }

Lu+Pu+kluju+ pfVyu+gradp =f,divu=0 inQC M,_;.

Let 2, C M be a Lipschitz domain with exterior normal vector n on
=004 and Q_ :=Q\ Q also Lipschitz.

Conormal derivative (hydrodynamic tension) t
and Stokes theorem:

t5 0 H'(Q4) x Lo(Qx) x HH(Qx) — HY2(D),
+ [t5(u,p;fy) - @dor =2 [ ELDef u : Def(y @)ds+

59 ~ O+ ~
+ [ ExPu-yi'eds+ [ Expdiv(vi'e)ds — [ fi-vi'eds.
Q4 Q4 Qyp
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Let A on M,,_1 be a symmetric semidefinit matrix—valued function. X

o o‘

Theorem: The transmission problem on M, _q:

Lu, + Pu+gradp, =f |o, — (klui|uy +AVu,uy),
divuy =0in Q4
Lu_ + gradp_ Z,f,|97 —Vye u_, divu. =0 inQ_,

py+uy —y-u_=h onT,
th(uppy fr — By (kluy|uy +~5Vu+~u+))
—tg (u_,pifo — E_(Vu_w)) + Msuy =g
with sufficiently small given data
(f,,f_.h,g) € H Q) x H1(Q_) x HY2(T) x H-Y/2(I)
has a unique solution (uy,ps) € HY(Q4) x La(Q).

The proof is based on Newton and boundary potentials in €2, and that
the Killing fields are zero. Fundamental tensors can be constructed with
A. Pomp's Levi functions as approximation of the fundamental tensors.
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8. More general spaces, 0 < s < 1:
;:%Qi ={ue H**s 2(Qe) Adivu=0 inQy},
H.™ 2(9+ = {pe H**3(Qy) A [ pds =0},
HE(T) = {v e H*(T) A [vendo = 0},
r
Solutions: (uy,py) € Hj;%(QJr) X H:_%(QJF),
(u_.p-) € Hyb(Q2) x B3 (QL);

Given data: _ ~
(Fr.f_,h,g) € H*=3/2(Q)) x H*=3/2(Q_) x Hy(T) x H*-}(T).
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