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The time-periodic wave equation

We consider the propagation of acoustic waves in a homogeneous medium

(1)

@ttp(t)�∆p(t) = f (t) in 
;

@tp(t) + @�p(t) = 0 on �art;

@�p(t) = 0 on �D:

@
 = �art [ �D and a source term f given by

f (t) = û(t)�x̂ x̂ 2 
c ( 


and a time periodic signal

û =

N∑
n=1

an sin(�!nt + 'n)) =

N∑
n=1

Re(ûn exp(�i!nt));

with frequencies !n, phaseshifts 'n, amplitudes an and ûn = an exp(i'n) 2 C.
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The Helmholtz equation

By a Fourier transform in t the solution p to (1) is given by

p(t) =

N∑
n=1

Re(pn exp(�i!nt)):

where the functions pn are the solutions to the Helmholtz equation

(2)

�∆pn � !2

npn = ûn�x̂ in 
;

@�pn � i!npn = 0 on �art;

@�pn = 0 on �D;
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The inverse problem

Problem statement

Given some measurements of the acoustic pressure at the points f xk gk=1;:::;K , �nd the

location x̂ 2 
c and coe�cients un 2 C
N .

I nonconvex optimization problem formulation, see Bermudez et. al 2004

(3)
min

x2
c ;û2CN

1

2

K∑
k=1

j~p(xk)� p
k
d j

2

CN
+ �jûj

CN
;

subject to �∆~p � ~!2~p = û�x ; (+BC)

I convex(i�ed) optimization problem formulation, see Bredies/Pikkarainen 2013

(4)
min

u2M(
c ;CN )

1

2

K∑
k=1

j~p(xk)� p
k
d j

2

CN
+ �kukM(
c ;CN );

subject to �∆~p � ~!2~p = u: (+BC)
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Inverse problem

Consider

min
u2M(
c ;CN )

J(p; u) :=
1

2

K∑
k=1

jp(xk)� p
k
d j

2

CN
+ �kukM(
c ;CN );(5)

subject to


�∆pn � !2

npn = unj
; x 2 
;

@�pn � i!npn = 0; x 2 �art ;

@�pn = unj�D ; x 2 �D ;

n = 1; 2; : : : ;N:(6)

I 
 � Rd ; d � 3, convex polygonal/polyhedral, 
c � 
̄ compact.

I 
c \ �art = ;.

I �D = [i�i ; �i plane face of � , �art = @
 n �D .

I fxkg
K

k=1 � 
 n
c .
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Wellposedness of State equation

Consider the following very weak formulation of (6)

�(p;∆' + !2')
 = hu; �
c'i 8' 2 H
2(
) with @�' + ��art i!' = 0 on(7)

Existence of very weak solutions

For any u 2M(
c), there exists a unique very weak solution p 2 L2(
) to (6) and
there holds

kpkL2(
) � CkukM(
c )

for some C > 0.

Additional regularity

There holds p 2W 1;s(
) \ C(
 n N"(
c)) for any s < d=(d � 1); " > 0 where

N"(
c) = f x 2 
 j dist(x ; 
c) � " g :
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Existence of optimal solutions

Control-to-observation operator

The operator S given by

S : M(
c ;C
N) ! (CN)K S(u) = (p(x1); p(x2); : : : ; p(xK )):

is weak*-to-strong continuous. Moreover it is the dual of S� : (CN)K ! C(
c ;C
N)

with S�q = �j
c , � = (�1; : : : ; �N) and

(8)


�∆�n � !n�n =

∑K

k=1 qn;k�xk ; x 2 
;

@��n + i!n�n = 0; x 2 �art ;

@��n = 0; x 2 �D ;

n 2 f 1; 2; : : : ;N g ;

Existence of optimal solutions

The optimal control problem (5) has an optimal solution û.
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Existence of �nitely supported solutions

Bound on the number of support points

There exists an optimal solution û to (5) which consists of Nd � 2NK point sources,

û =

Nd∑
j=1

ûj�x̂j where ûj 2 C
N ; x̂j 2 
c :

"Sketch" of the proof: Let Upd ;� denote the set of optimal solutions

I Show
Upd ;� = conv f u 2 Upd ;� j u extremal g

weak��
:

I Show

f u 2 Upd ;� j u extremal g �

{
2NK∑
j=1

uj�xj

∣∣∣∣∣ uj 2 CN ; xj 2 
c

}
:
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Optimality condition

Support condition

A measure û 2M(
c ;C
N) is a solution to (5) if and only if the adjoint state

�̂ = S�(Sû � pd) satis�es k�̂kC(
c ;CN ) � � and the polar decomposition dû = û0 djûj,

with û0 2 L1(
c ; jûj;C
N), satis�es

�û0 = ��̂ jûj-almost everywhere:

Thereby, supp jûj � fx 2 
c : j�̂(x)jCN = �g for each solution û.
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Numerical solution, see Bredies/Pikkarainen 2013

1. Set u1 = 0, i=1, M =
∑K

k=1jp
k
d
j2

2�
, '(t) =

{
�t; t � M
�
2M

(t2 + M2); else
:

while si 6= 0 do

2. Calculate �i = S�(Suk � pd). Determine x i 2 
c with h��i ; �x i i = k�ikC(
c ;CN )

3. Set �i =

{
0; k�ikC(
c ;CN ) � �

�M

�
�i(xk); else

4. Set si = min

{
1;

�kukkM(
c ;CN )
�'(�i )+hui��i �

xi
;�i i

kS(ui��i �
xi
)k2
CNK

}
and

u
i+ 1

2
= (1� si)u

i + si�
i�x i =

∑N
i+ 1

2
d

k=1 ũ
i+ 1

2
k �

x
i+ 1

2
k

:

5. Postprocess u
k+ 1

2
to get u

k+ 3
4

=
∑N

i+ 3
4

d

k=1 ũ
i+ 3

4
k �

x
i+ 3

4
k

, N
i+ 3

4
d � 2NK

6. Get uk+1 by solving

min
ũ

J(S(u
k+ 3

4
(ũ)); u

k+ 3
4

(ũ)) s:t: u
k+ 3

4
(ũ) =

N
i+ 3

4
d∑
k=1

ũk�
x
i+ 3

4
k

P.T.T.W. Inverse point source location for the Helmholtz equation July 5, 2016 11



International Research Training Group IGDK 1754

Numerical solution, see Bredies/Pikkarainen 2013

1. Set u1 = 0, i=1, M =
∑K

k=1jp
k
d
j2

2�
, '(t) =

{
�t; t � M
�
2M

(t2 + M2); else
:

while si 6= 0 do

2. Calculate �i = S�(Suk � pd). Determine x i 2 
c with h��i ; �x i i = k�ikC(
c ;CN )

3. Set �i =

{
0; k�ikC(
c ;CN ) � �

�M

�
�i(xk); else

4. Set si = min

{
1;

�kukkM(
c ;CN )
�'(�i )+hui��i �

xi
;�i i

kS(ui��i �
xi
)k2
CNK

}
and

u
i+ 1

2
= (1� si)u

i + si�
i�x i =

∑N
i+ 1

2
d

k=1 ũ
i+ 1

2
k �

x
i+ 1

2
k

:

5. Postprocess u
k+ 1

2
to get u

k+ 3
4

=
∑N

i+ 3
4

d

k=1 ũ
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Postprocessing

1. Let u =
∑Nd

k=1 uk�xk ; Nd = 2NK + 1

2. Set
uk = ujf xk g = uk�xk ; and wk = S(vk�xk ); where vk =

uk

kukk
:

3. Find nontrivial solution � 2 RNd of
∑

k=1;:::;Nd
�kwk = 0 with

∑
k=1;:::;Nd

�k � 0.

4. Set unew =
∑Nd

k=1

(
1� �k

�kukk

)
uk�xk with � = maxk=1;:::;Nd

�k
kukk

� 0:

5. #supp unew � Nd � 1, J(S(unew ); unew ) � J(S(u); u).
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Convergence

Sublinear Convergence (Bredies13)

Let the sequence fuigi2N be generated by the generalized conditional gradient method.
Then fuigi2N is a minimizing sequence for J, every ui has at most 2NK support points
and every subsequence of fuigi2N has a weak* convergent subsequence that converges
to a minimizer û; # supp û � 2NK of J. Furthermore

J(S(ui); ui)� J(S(û); û) �
c

i

for a positive, i-independent constant c
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Numerical Example

I Consider the unit square 
, 
c = f x 2 
 j x1 � 0:75; x2 � 0:95 g,
xk = (0:875; k

16
); k = 1; : : : ; 15, !1 = 13.

I Try to recover a single Dirac located in x̂ = (0:125; 0:75), u1 = 0:538 + 0:867i

I Solve (5) for �k = (0:6)k , k = 3; : : : ; 33
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But...

Set w n

 = 1

K

∑K

k=1jG
xk
n j; and consider as admissible set

Mw (
c ;C
N) =

{
u 2M(
c ;C

N)

∣∣∣∣ ∫

c

jw
u
0j djuj <1

}
:

and the corresponding total variation norm

kukMw (
c ;CN ) =

∫

c

jwu0jdjuj =

∫

c

√√√√ N∑
n=1

(w n(x)ju0n(x)j)2 djuj(x)
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And it works!

I Still a lot to do here, when should you use which weight, does it work in general?

I Maybe get rid of assumption that 
c ( 
.
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Last but not least...

Thank you for your attention!
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