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Context and motivations

» Overall Objective: space discretization + iterative process

—divA(Vu) =f inQcR¥*2

- |
p-type mode { w = up, on I'p:= 00

the operator A(Vu) : R? — R? has p-type form

A(Vu) = (2 + |Vu>)"7 Vu,

where |.|> = (-,-), p > 1 and ¢ > 0 is a parameter.
I e = 0 critical points Vu = 0, degenerate for p > 2 and singular p < 2.

M a basic model for describing many physical phenomena.
B efficient discretization techniques.
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Weak formulation

findue Wh? = {ue W'P(Q) : v|gq = up}, s.t. B(u,d) = l;(¢), Yo € Wy’ ()

Bu.¢) = [ A(Vw)-Vods. 4¢) = [ fodn

Assumption: u € V := W"P(Q) with £ > 2 and p > 1,
» finite element discretization + error analysis

m VY = {4, € CQ): dnlp € Qu(E), VE€ T}, k> 1
» iterative methods:

m Newton-like methods (residual-based and error-oriented),
m Augmented Lagrangian (splitting and monolithic)
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¢ — structure problems (L. Diening and M. Ruzicka)
Vu

¢ — structure:  A(Vu) = ¢'(Vu)

[Vul
t o
N-function ¢(t) := / (52 + 52)”725 ds
0
relevant functions

() :=(c+ 1'% F:R?5R%LF(a) = (2 + [a]’)"Ta,

Lemma, (L. Diening, Ettwein M. Ruzicka 2007, 2008 ...)

(A(P)-A(Q)-(P-Q) ~ [F(P)-F(Q)P,
~ (P +|QIIP - Qf,
|A(P) - AQ)] ~ @(P|+IQ)P-Qq
holds for all P, Q € R.
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Known results

Lemma, (L. Diening and M. Ruzicka 2007)
/ (A(Va) — A(V0)) - (Vu — Vo) da ga/ F(Vu) — F(Vo)|? dz
Q Q

+c(5)/Q|F(Vw) _F(Vo)|? dx.

Lemma, (finite element books)

Let 7} be the interpolation operator and let « € W"?(Q) with & + 1 > [.

|u — Thulweri) < Ch'™*lu| i), 0 < s < L.
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H FE-discretization Analysis
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FE approximation

The finite element approximation reads as follows:

find w, € V,Ek) such that for all ¢;, € V,Ek) holds

B(un, ¢n) = lr(on),

(! Similar discrete form for IgA methods )
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Quasi-interpolation estimates for Zu , k > 1

Theorem, (I. Toulopoulos and T. Wick 2015)
Let w € W'P(Q) with [ > 2, p > 1, and let Z u be the interpolant. Then,

/\F (Va) = F(VIFu)P do < CR20D, fork+1 > 1.

we set () = 3(|Vu| + [VZEu|)72 = & + [Vu| + [VZFul. By previous
known inequalities:

/|F (V) VIhu)|2d:1;</ |3(7)| |Vu — VZFu)|? dz < ..Hélder...
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Error estimates

Theorem: final error estimate (l. Toulopoulos and T. Wick 2015)

Let v € V be the weak solution and let v, < V,Ek) be the FE solution. Then

/ IF(Vu) —F(Vup) > dz < CR2Y ) k41> 1

Proof.
/ (A(Vup) — A(VZfw)) - Vy dz = / (A(Vu) — A(VZIfu)) - Vo, d.
Q Q
Choosing ¢, = u, — Zfu and § > 0 small enough in Youngs inequality,

/ |F(Vuy) — F(VIFu)|? dz < ¢(6 / |F(Vu) — F(VZiu)|? dz, .....
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K Nonlinear iterative solvers
= Newton-like methods
m Numerical examples
m Augmented Lagrangian technique

ick, Numerical methods for p-problems
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The discrete nonlinear system

Nh
The FE solution is expressed as u;, = Z Usén.i(x), where the degrees of

freedom, U = [Uy,.... U;, ..., Uy, ] satisf); the system of nonlinear equations
B(U) =f, (3.1)

where the entries B;(U) of B and f; of f correspondingly are
Bi(U) = B(up, én,i), and fi = l(¢n,q)- (3.2)

This nonlinear system (3.1) is in generally not well-conditioned .

Gur goal: to develop efficient nonlinear iterative methods for solving it.

Investigate the influence of the parameters p and = to the convergence
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Eigenvalues of B'(n)

p—2

We introduce the function A (1) = (=% + 17 +12)"2 (1. 12).

((p—1)n3 +m3 +¢€2) (p—2)mn2
(p—2)mn2 ((p—1)n3 +ni +€2))

n = 25— pte, o l

where p(<, 1)) = (% + 7 +m3) P/,

A =(e2 + i +n3) P22
Ay =% + 0 +m3) P2 ((p— 1)(nf +13) + ).

A(n)

The properties of the eigenvalues of Jacobian Ja := OA(m)

, outline the behavior
on

of the eigenvalues of the Newton Jacobian matrix.
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Newton method

B/( . 2 2\ 222 d
u)(v, w) = Q(E +|Vu|*) 2 Vv Vwdz+

—4
2

(p—2)/(€2+ Vul?) 55 (Vu - Vo) (Vu - V) da,
Q

B'(V) :=B'(vp)(¢h,is Ohj)s Ohisdnj € V;Ek),
El given UY, for n = 0, 1,2, ... compute Z" from

B/(U")Z" = — (B(U") — f),update: U""' = U" + 72",

B if |[B(U") — f||,2 < tolerance set U* = U™ and exit other wise
repeat step 2.
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Condition number B’

Lemma: bounds for x(B')
K(B/) _ AMaz < C(e’f + HVuhHoo)p’Q g2~P p—2 for p > 2,
Cle + |Vuploo)? PeP2h72  forl<p<2,

)\min o

p>1:

B (vn) (wn, wn) IV wnlZs g

<O + | Vup|loo)? 2

Twl? W2 lunlZao) =
2
B’ (vn) (wh, wh) >'_'O€p—2M > > 022,
w2 B h_2||wh||L2(Q) -
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m Difference in determining = and stopping criterion.
m Residual-based (rather classical):

resni1 = [|B(U™) — || < TOL, (3.3)

m Error-oriented (P. Deuflhard 2011)

|Z"| < TOL, or |ZLi|l < TOL, (3.4)

simp

where Z"."! is a Newton update from solving a simplified problem, in

STm

which only the residual is updated and the matrix kept.
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smooth solutions, [Vul|, > 0

Q= (0, %)2 u(z,y) = sin(z)

- k=1andp=1.01
- e=10F -3 e=10F—-14
L IF=Fl]r [07=0]POH) [TF=Fl[r [ U [ PO
j=0 3.64e-02 | - 13 13 3.64e-02 | - 16 | 16
j=1 2.15e-02 | 0.76 | 16 8 1.96e-02 | 0.88 | 18 | 7
j=2 1.28e-02 | 0.75 | 23 9 1.05e-02 | 09 |22 |8
j=3 6.73e-03 | 0.93 | 28 9 5.69e-03 | 09 |26 |7
j=4 3.31e-03 | 1.03 | 32 8 3.17e-03 | 0.85 | 32 | 8
j=4 1.65e-03 | 1.0 | 34 7 1.78e-03 | 0.83 | 43 | 10
j=5 8.54e-04 | 0.96 | 36 6 9.36e-04 | 0.94 | 47 | 8

| CPU | | | 9s | 1.8s || | | 13s | 2.1s
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smooth solutions, [Vul|, > 0

Q= (0, %)2 u(z,y) = sin(z)

- k=1andp=1.01
- e=10F -2 e=1
B JIF—FJ [+ [0 [ PO [TF-F [r [ 03[P
j=0 4.64e-02 - 12 2.770e-02 | - 12
j=1 2.277e-02 | 1.02 8 1.385e-02 | 0.99 5
j=2 1.168e-02 | 0.96 9 6.926e-03 | 1.0 5
j=3 6.052e-03 | 0.95 10 3.463e-03 | 1.0 3
j=4 3.040e-03 | 0.99 8 1.731e-03 | 1.0 3
j=5 1.519e-03 | 1.0 5 8.658e-04 | 1.0 3
j=6 7.598e-04 | 1.0 4 4.329¢e-04 | 1.0 2
| CPU | | | [8s ] | | [52s |

Table : Example 1: The results for the different values of «.
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smooth solutions, [Vul|, > 0

- k=2andp=1.1and p =1.01
- | e=10E-04p=1.01 [[e=1.0E—01p=1.01| 5:1.0E—01p:1.1|
o N 2 I 7 O 0 A I )
j=0 - 20 - 11 - 13
j=1 1 2.01 4 2.0 2 2.0 2
j=2 | 1.99 4 1.99 2 2.0 2
=3 | 2.0 5 2.0 1 2.0 1
=3 1| 2.0 5 2.0 1 2.0 1
=41 2.0 5 2.0 1 2.0 1

Table : Example 1: The results for & = 2 for different choices of .
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smooth solutions, [Vul|, > 0

- k=1land k=2forp=11
- e=10E—-04p=11 || e=10E—-04p=11 5:0.01p:11|
B [ PO T Y U773 I I W )
j=0 - 9 - 3 - 3
j=1 1 0.99 24 1.99 3 1.99 3
j=2 | 0.99 19 1.99 3 1.99 3
j=3 | 0.99 20 1.99 2 1.99 2
j=3 | 0.99 19 1.99 2 1.99 2
j=4 | 0.99 17 1.99 1 1.99 1
=51 0.99 17 1.99 1 1.99 1

Table : Example 1: The results for t =2 and & = 1 for p = 11.
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s
2
p= 1.01 1.1 1.3 1.5 1.8 2.25 3
B r | N r | N r | N r | N r |[NJ[]~|NJ] [N
10E-4 1.3 |18 |/ 1.08| 9 11617
10E-3 1.8 11|12 8 1.1 | 9 11617
10E-2 |1 |12 (|1 ] 12 (|14 |12 || 12| 8 1.1 | 6 15|17
10E-1 {1 (10 1] 9 1 9 1 6 1 5 15|17
1 1] 4 1] 4 1 5 1 5 1 5 11514
~ [ 43 1l
€ r| NJr|N
10E-4 [ 1|10 1] 20
10E-3 | 1|10 | 1] 20
1 1
1 1
1 1
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Augmented Lagrangian form

Transform the original problem into a saddle-point problem.

1 1
Let PR and the space W ¢ W,” x (L”(Q))? by

W = {(v, 9)|(v, ) € W) x (LP())? : Vv — q = 0}.
Following Glowinski-Tallec-1989, introduce L, for » > 0,

Lo(vqA) =+ [ +1apyr o [ fods
D JO Q0

—i—f/ ]Vv—q]de—i—//\-(Vv—q)dx,r>0,
2 Ja Q

saddle-point problem: find{u, q, A} € W5” x (LP(2))? x (LF'(Q))?
suchthat L,(u,q,un) < Ly(u,q,\) < L.(v,w, \),
V{v,w, 1} € W5” x (LP())? x (L7 (Q))”

www.oeaw.ac.at
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Augmented Lagrangian iterative method

Algorithm

procedure FOR \ € (L”'(2))? GIVEN
for each iteration step n > 0 € N, find v", g” and \""! do
—rAu" =V - A"+ 1rV-q" =,
(€% + |qn|2)%qn +rq" —rVu" — A" =0,
ALGI A" — pn(Vu" —q") = A"

monolithic

update: \" ' = \" + p,,(Vu" — q"),
splitting, ALG1

end for
end procedure
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Numerical examples p < 2

- k=1,e=1

- |sALp=1.01] sALp=15 | mALp=1.01 | mALp=15 |
Rl r [P | r[rwp] r [Pl | r [PUH
=0 | - 4 - 4 - 5 - 4
=11 1.1 4 1.1 4 1.0 5 1.0 4
j=2 1.0 3 1.2 3 0.86 3 0.98 2
j=311.3 3 1.2 2 1.00 2 1.0 2
j=4 113 2 1.1 2 1.00 2 1.0 2
=512 1 1.0 1 1.00 1 1.0 1

Table : Example 2: Q) = (0, g)z and u(z,y) = sin(2n(z + v))
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Numerical examples p > 2

k=1,e=1

- sALp=3 | SALp =143 mALp:3|mALp:4.3|
B v [P | r [P r [P | r | PR
=0 | - 4 - 4 - 7 - 12
j=1 112 4 1.4 3 1.0 2 1.2 3
=2 {11 4 1.3 3 1.0 2 1.0 2
=31 1.0 4 1.2 1 1.0 2 1.0 2
j=411.0 4 1.1 1 1.0 2 1.0 2

Table : Example 2: Q2 = (0, g)Q and u(z,y) = sin(2n(z + y))
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IETI-DP solvers in IgA (C.Hofer and I. T. 2016)

K. BT
B 0

N

3=

FsA = d,

il

- multi-patch IgA, using & = 2, Uy = 0
- p=11|p=15|p=1bandk=4|p=4
lterations N N N N
e=10"3 19 7 7 8
e=1 4 4 3 4

Table : Example: u(z,y) = sin(27x)
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H Conclusions
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p-type mode

E FE discretization, error analysis

El Nonlinear iterative methods (Newton and ALG)
3 Numerical examples

m validation of error estimates for several = and pand & > 1
m comparison between the nonlinear iterative methods
m the influence of £, p on the performance of the methods
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i p-aype moie%

E FE discretization, error analysis
El Nonlinear iterative methods (Newton and ALG)
3 Numerical examples

m validation of error estimates for several = and p and & > 1
m comparison between the nonlinear iterative methods
m the influence of £, p on the performance of the methods

Thank you for your attention

This work was supported by Austrian Science Fund (FWF) under the grant FWF-
NFN S11703-N23.

www.oeaw.ac.at I. Toulopoulos and T. Wick, Numerical methods for p-problems



	Preliminaries and Notation
	FE-discretization Analysis
	Nonlinear iterative solvers
	Newton-like methods
	Numerical examples
	Augmented Lagrangian technique

	IgA approach
	Conclusions

