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What is it all about?

Ny

@ Writing information on hard drives
o Describes evolution of magnetization m : R? — R? over time
o Ferromagnetic body O C R?

o Constant modulus of magnetization
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Numerical experiments

ﬁ Schoberl: NGSolve Finite Element Library

ﬁ émigaj, Betcke et al.: ACM Trans. Math. Software, 41, 2015

Bernhard Stiftner (TU Wien) =2


strobl.ogv

An extended midpoint scheme for LLG Model problem

Numerical experiments

ﬁ Schoberl: NGSolve Finite Element Library

ﬁ émigaj, Betcke et al.: ACM Trans. Math. Software, 41, 2015

Bernhard Stiftner (TU Wien) =2


strobl.ogv

An extended midpoint scheme for LLG Model problem

Numerical experiments

o FEM-part ~» Netgen/NGSolve
o BEM-part ~~» BEM++

ﬁ Schoberl: NGSolve Finite Element Library

ﬁ émigaj, Betcke et al.: ACM Trans. Math. Software, 41, 2015
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Numerical experiments

o FEM-part ~» Netgen/NGSolve
o BEM-part ~~» BEM++

Play Video

ﬁ Schoberl: NGSolve Finite Element Library

ﬁ émigaj, Betcke et al.: ACM Trans. Math. Software, 41, 2015
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An extended midpoint scheme for LLG Model problem

Model problem
LLG equation

@ Oym = —m X heg + am x Oym in Qp := (0,T) x Q
@ Opym =0on (0,7) x 90

o m(0)=m%on Q, /m° =10onQ
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Model problem
LLG equation

@ Oym = —m X heg + am x Oym in Qp := (0,T) x Q
@ Opym =0on (0,7) x 90

o m(0)=m%on Q, /m° =10onQ

o Gilbert damping constant o > 0
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Model problem
LLG equation

@ Oym = —m X heg + am x Oym in Qp := (0,T) x Q
@ Opym =0on (0,7) x 90
o m(0)=m%on Q, /m° =10onQ

@ heg :=

Model problem

o Gilbert damping constant « > 0
o Effective field heg:
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Model problem
LLG equation

@ Oym = —m X heg + am x Oym in Qp := (0,T) x Q
@ Opym =0on (0,7) x 90

o m(0)=m%on Q, /m° =10onQ

heﬁ‘ = CeXAm

Model problem

o Gilbert damping constant « > 0
o Effective field heg:

o Exchange field: models microcrystalline effects, Cox > 0

Bernhard Stiftner (TU Wien)



An extended midpoint scheme for LLG Model problem

Model problem
LLG equation

@ Oym = —m X heg + am x Oym in Qp := (0,T) x Q
@ Opym =0on (0,7) x 90

o m(0)=m%on Q, /m° =10onQ

heg := CexAm + f

o Gilbert damping constant « > 0
o Effective field heg:

o Exchange field: models microcrystalline effects, Cox > 0
o External field: f:Q — R3
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Model problem
LLG equation

@ Oym = —m X heg + am x Oym in Qp := (0,T) x Q
@ Opym =0on (0,7) x 90

o m(0)=m%on Q, /m° =10onQ

heg = CexAm + .f + W(m)

o Gilbert damping constant « > 0
o Effective field heg:

o Exchange field: models microcrystalline effects, Cox > 0
o External field: f:Q — R3 7
o Stray field, spin torque: operator 7 : H*(Q) — L*(Q)
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Model problem
LLG equation

@ Oym = —m X heg + am x Oym in Qp := (0,T) x Q
@ Opym =0on (0,7) x 90

o m(0)=m%on Q, m’ =10onQ

heg == CexAm + f + TI'(m)

Model problem

o Gilbert damping constant « > 0
o Effective field heg:

o Exchange field: models microcrystalline effects, Cox > 0
o External field: f:Q — R3
o Stray field, spin torque: operator 7 : H*(Q) — L*(Q)

o dm-m=0<= 14 m|>=0in Qr = |m|=1in Qr
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Challenges
@ Non-linear PDE
@ Non-convex constraint |m| =1

e Stray field leads to coupled problem on R3 ~~ embedded problem

ﬁ Carbou, Fabrie: Differential Integral Equations 5, 2001
ﬁ Alouges, Soyeur: Nonlinear Anal., 18, 1992

ﬁ Dumas, Sueur: Commun. Math. Phys. 330, 2014
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An extended midpoint scheme for LLG Model problem

Challenges
@ Non-linear PDE
@ Non-convex constraint |m| =1
e Stray field leads to coupled problem on R3 ~~ embedded problem

@ Weak-strong uniqueness property of LLG:

e Ex. unique strong solution up to some 7T* > 0
o Ex. global weak solution, uniqueness may fail

o Weak solution is unique up to T*

@ Carbou, Fabrie: Differential Integral Equations 5, 2001
@ Alouges, Soyeur: Nonlinear Anal., 18, 1992

@ Dumas, Sueur: Commun. Math. Phys. 330, 2014
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Numerical integrator
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Time and space discretization

@ Idea: FEM in space + midpoint rule in time
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Numerical integrator

Time and space discretization

@ |dea: FEM in space + midpoint rule in time

@ Time discretization:

o Number of uniform time-steps ~» M €N

o Time-step size ~» k:=

Sk
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Numerical integrator

Time and space discretization

@ |dea: FEM in space + midpoint rule in time

@ Time discretization:

o Number of uniform time-steps ~» M €N

o Time-step size ~» k:=

Sk

@ Space discretization:

o Piecewise affine functions in every dimension ~~ V7

o |p,(2)| =1 for all nodes ~~ M,
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Midpoint scheme

0 Oym = —m X heg + am X Oym l

@ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006
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Midpoint scheme
LLG equation

@ Oym = —m X heg + am X Oym

Algorithm (Bartels, Prohl, '06)
o Input: m9 € M,,.
@ For0<i< M — 1, find m?’l € My, s.t. forall g, € Vy

i+3 e 5

<dt m?—l ) ‘Ph> :_<mh X h’h ) ‘ph> -|—Oé<m2 7 X dt m?—la <ph>

e Output: M, > (m}l)f\io ~m(t;) fori=0,..., M.

@ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006
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Midpoint scheme
LLG equation

@ Oym = —m X heg + am x Oym

Algorithm (Bartels, Prohl, '06)
o Input: m9 € M,,.
@ ForO<i< M — 1, find m?’l € My, s.t. forall g, € Vy

. ;1
(demitl ) o) =— (2 x R ) 4ol x domit, o)
M

o Output: M;, > (m}) m(t;) fori =0,..., M.

~
=0

@ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006
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Midpoint scheme
LLG equation

@ Oym = —m X heg + am X Oym

Algorithm (Bartels, Prohl, '06)
o Input: m9 € M,,.
@ ForO<i< M — 1, find m?’l € My, s.t. forall g, € Vy

it =5 5

<dt m?_la ‘Ph> :_<mh 2 X h’h ) ‘ph> +a<mh 7 x dt m?—la <ph>

i\ M :
e Output: My > (m}l)izo ~m(t;) fori=0,..., M.

@ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006
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Midpoint scheme
LLG equation

@ Oym = —m X heg + am X Oym

Algorithm (Bartels, Prohl, '06)
o Input: m9 € M,,.
@ For0<i< M — 1, find m?’l € My, s.t. forall g, € Vy

- o =5 i3
<dt m?_la ‘Ph> - <m;1 > X h’ 7‘ph> -|—Oé<m2 7 X dt ) <ph>

m(t;) fori =0,..., M.

o Output: My > (mZ)iAio ~

k i+3
° hcff(ti + §) ~ hh, evy

@ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006
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Midpoint scheme
LLG equation

@ Oym = —m X heg + am X Oym

Algorithm (Bartels, Prohl, '06)
o Input: m9 € M,,.
@ For0<i< M — 1, find m?’l € My, s.t. forall g, € Vy

AR

1 s
<dt mh ) ‘Ph> m, X h'z 2 ) ¢h>h+a<m; 7 X dt 9 §0h>

m(t;) fori =0,..., M.

o Output: My > (mZ)iAio ~

k it3
o heg(t; + 5) ~ hh evy

@ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006
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Approximate effective field

@ heg :=CoxAm + f + w(m)

ity
o h, ?:=
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Approximate effective field

0 heg = CoxAm + f + w(m)

Approximate effective field

i+ z—|—f
o h, ?:=CxA my

o Exchange field: Am(t; + &) ~ A m;:rQ
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Approximate effective field
@ heg := CoxAm + f + w(m)
Approximate effective field

i1 i+l s
o hy ? :=CxA m, *+ hC

1
i+3

o Exchange field: Am(t; + &) ~ A m,

i+ L
o External field: f(t; + %) ~ fh+2
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Approximate effective field

0 heg := CoxAm + f + w(m)

Approximate effective field

i+ __it3 o
o hy ? :=CxA m, *+ f, 2

Numerical integrator

o Exchange field: Am(t; + &) ~ A m;:rQ

o External field: f(t; + %) ~ sz

o Stray field:
o my : V5 — Vy uniformly bounded
o w(m(t; + g)) ~ wh(mﬁji)
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Approximate effective field

0 heg := CoxAm + f + w(m)

Approximate effective field

i+ __i+3 s
o hy ? :=CxxA m; *+ fi, 2

Numerical integrator

o Exchange field: Am(t; + &) ~ A m;:r?

o External field: f(t; + g) ~ sz

o Stray field:
o my : V5 — Vy uniformly bounded
o w(m(t; + g)) ~ wh(mﬁji)
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Approximate effective field

0 heg := CoxAm + f + w(m)

Approximate effective field

z+f

it3 i+l
2= CexAhmh 2+ -fh

e h,

Numerical integrator

o Exchange field: Am(t; + &) ~ Ahm;:rQ

o External field: f(t; + %) ~ sz

o Stray field:
o my : V5 — Vy uniformly bounded
o w(m(t; + %)) ~ wh(mﬁji)
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Approximate effective field

0 heg := CoxAm + f + w(m)

Approximate effective field

. 1
o Bt = Gyt ® LI (F277) + Iy (ren (7 7))

o Exchange field: Am(t; + &) ~ AhmHQ

o External field: f(t; + &) ~ le(fl+2)

o Stray field:
o my : V5 — Vy uniformly bounded

o m(m(t;+ %)) ~ I (m(m h+2))
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Approximate effective field
0 heg := CoxAm + f + w(m)

Approximate effective field

1 1 1 1
z+§ A% = AF5

o hy % = O T, 2 + I (£, 2) + My (ma(m, 2)) €V

1

o Exchange field: Ami(t; + ) ~ Ay, 2 €V,

1
o External field: f(t; + g) ~ Hh(f;:rQ) eV,

o Stray field:
o my : V5 — Vy uniformly bounded

s 01

o m(m(t; +5) ~ My(my(m, ?)) eV,
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Midpoint with full effective field

System at each time step

8 i+l __i+1 )
o (di mh“, Pr)y,= <mh ST gyl f x domit ),
1+ i+ _ it+2
o hh —CexAhmh +Hh(.f 2)+Hh(7rh(mh 2))

ﬁ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006
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An extended midpoint scheme for LLG Numerical integrator

Midpoint with full effective field

System at each time step

i1 i1
° <d mh ) (Ph> <m2+2 X h'z+2 ) ¢h>h+a<m;z+2 X dt mH_l’ Soh)

_ ceXAhm”2 L, (f) )+Hh(7rh(m2+§))

@ Solve non-linear system for every time-step ~~ fixed-point iteration

@ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006
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An extended midpoint scheme for LLG Numerical integrator

Midpoint with full effective field
System at each time step
i —it3 ity - :
o (d mh+1a ‘Ph>h:_<m2 R h; Zy ‘Ph)h'i'a(m;l ? xdg mh'H, ®n)y

i+ L i+ L i+ L i+ L
o hy 2 =CoxApm, 24T, (F) 2 )+TL, (s (0, 2))

@ Solve non-linear system for every time-step ~~ fixed-point iteration

e Evaluate 7, (-) in every iteration ~~ FEM-BEM problem

@ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006
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Midpoint with full effective field

System at each time step

201
Z+§

: i+1 i ,
° <dt mz—i_la (Ph>h:_<mh X h’h 2 ) ‘ph>h+a<mz A >h

2><dtmh )y Ph

i1 1L 1L . . .
o hy * =CoxAymy, * +IL4(f),*)+1L, (my () i, mj 7))

@ Solve non-linear system for every time-step ~~ fixed-point iteration

e Evaluate 7, (-) in every iteration ~~ FEM-BEM problem

@ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006
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Midpoint with full effective field

System at each time step

5 i He i
° <d mh+1a ‘Ph> <mh 7 % h’ ) 90h>h+05< 7 % dt +17 §0h>
’L+ i+ ‘ ; 71—
o hy, ? =CoxAyTm, 2 +Hh(f 2)+%Hh(ﬂh(m2))—%ﬂh(ﬂh( m; )

@ Solve non-linear system for every time-step ~~ fixed-point iteration
e Evaluate 7;,(-) in every iteration ~» FEM-BEM problem

o Remedy: Operator 7, : Vi — V),

@ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006
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An extended midpoint scheme for LLG Numerical integrator

Midpoint with full effective field

System at each time step

4 it+i i+3 i
o (dy th, Pn)p= <mh 2 X h , s0h>h+oé( > xdym +17 en,
’L+ ZJ,» . . S
o by, =CocAyT), 2 +Hh(f 2)+§Hh(ﬂh(m2))—%ﬂh(ﬂh( mj 1))

@ Solve non-linear system for every time-step ~~ fixed-point iteration
e Evaluate 7;,(-) in every iteration ~» FEM-BEM problem
o Remedy: Operator 7, : Vi — V),

o Adams-Bashforth ~» (formally) second order in time

@ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006

Bernhard Stiftner (TU Wien) -8-



An extended midpoint scheme for LLG Numerical integrator

Midpoint with full effective field
System at each time step
__i+3

; i+i il ;
o (demit!, @), =—(my  x by 2, ), Falm, ? x demitt o),

it1 __iti i+t3y ; i
("] hh 2=CeXAhmh 2+Hh(fh 2)-l—%Hh(Trh(mz))—%Hh(ﬂ'h(mh 1))

@ Solve non-linear system for every time-step ~~ fixed-point iteration
e Evaluate 7;,(-) in every iteration ~» FEM-BEM problem

o Remedy: Operator 7, : Vi — V),

o Adams-Bashforth ~» (formally) second order in time

o Well-defined ~~ Brouwer fixed-point theorem

@ Bartels, Prohl: SIAM J. Numer. Anal., 44, 2006
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Main result
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Interpolation in time

@ Input: Sequence of approximations (mZ)f\io

Vi

mit!
i—1 °
my,

L] L]

d .

1

my,

L ]

ti—1 t; tit1 time ¢
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An extended midpoint scheme for LLG Main result

Interpolation in time

@ Input: Sequence of approximations (m%)f‘io

ti_1 t; ti+1 time ¢

o Output: my, € HY(Qy)

Bernhard Stiftner (TU Wien) =0,
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Main result

@ Assumptions:
o m) - mPin H'(Q) ash — 0

o mp(mitt mi mi~!) — w(m(t;)) in L*(Q) as h — 0

Theorem (Praetorius, Ruggeri, S." 16)
Ex. m € HY(Q7) s.t.
@ ex. subsequence with my;, — m in H*(Qr) unconditionally

@ m is a weak solution of LLG

Bernhard Stiftner (TU Wien) -10 -
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Coupling with Eddy-Current (ELLG)

@ I midpoint for ELLG

@ Problem: lIteration for coupled system
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Coupling with Eddy-Current (ELLG)

@ I midpoint for ELLG

@ Problem: lIteration for coupled system
@ Remedy: Same as for 7p:

o Adams-Bashforth on coupling term ~~ Decoupled system
o Formally second order in time

e Unconditionally convergent
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Coupling with Eddy-Current (ELLG)

@ I midpoint for ELLG

(]

Problem: Iteration for coupled system

Remedy: Same as for mp:
o Adams-Bashforth on coupling term ~~ Decoupled system
e Formally second order in time

e Unconditionally convergent

Other couplings: Maxwell-LLG (?), Spin-Diffusion-LLG (7)
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Conclusion

e Evaluate 7, ~~ BEM-problem has to be solved
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Conclusion

e Evaluate 7, ~~ BEM-problem has to be solved

@ New approach: 7, : V% -V,

o Adams-Bashforth: (formally) second order in time
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Conclusion

(]

Evaluate 7;, ~~ BEM-problem has to be solved
@ New approach: 7, : V% -V,

o Adams-Bashforth: (formally) second order in time

@ Unconditionally convergent numerical integrator

Same technique on ELLG ~~ Decoupled system

Bernhard Stiftner (TU Wien)

Conclusion
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Thanks for listening!

Bernhard Stiftner

TU Wien
Institute for Analysis
and Scientific Computing

bernhard.stiftner@tuwien.ac.at

http://www.asc.tuwien.ac.at/~bstiftner

Bernhard Stiftner (TU Wien)



m

Weak solution of LLG

e Oym =-—-m x (CexAm + f +w(m)) + am x Oym




An extended midpoint scheme for LLG Conclusion

Weak solution of LLG

LLG equation
e Om=-mx (CxAm + f +7m(m)) + am X dym

Weak solution

o mc H' (Qr), /m|=1ae inQr

o m(0) =m’

o For all ¢ € H'(Qr) it holds
T T T
| @m, ehat=Coc [ mx Vm, Vepat— [ (mx £, p)at
0 0 0

T Vg
_/ <mx7r(m),§0>dt+0é/ <mxatm7¢>dt
0 0

o m e L®(H(Q))
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An extended midpoint scheme for LLG Conclusion

Weak solution of LLG

LLG equation
e Om=-mx (CxAm + f +7m(m)) + am X dym

Weak solution

o mc H' (Qr), /m|=1ae inQr

o m(0) =m’

o For all ¢ € H'(Qr) it holds
T T T
| @m, ehat=Coc [ mx Vm, Vepat— [ (mx £, p)at
0 0 0

T Vg
_/ <mx7r(m),§0>dt+0é/ <mxatm7¢>dt
0 0

o m € L¥(H'(Q)) + energy estimate =: physical weak solution
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