BAWRICAN

Riccati based feedback stabilization to

trajectories for parabolic equations

Duy Phan-Duc and Sérgio S. Rodrigues

Johann Radon Institute for Computational and Applied Mathematics (RICAM)
Austrian Academy of Sciences (OAW)
Linz, Austria

Strobl, July 7, 2016
(Presented at AANMPDE-9-16)

Support from the Austrian Science Fund (FWF): P 26034-N25.

m.oeaw.ac.at iccati based feedback stab ctories for parabolic equations



BAWRICAN

Introduction
Stabilization by finite dimensional controls
The transient bound for linearized system

One nonlinear example

www.ricam.oeaw.ac.at ccati based feedback stabilization to trajectories for paral



BAWRICAN

Introduction

We consider controlled parabolic equations, for time t > 0, in a smooth
domain Q € RY with boundary I' = 9, with d a positive integer, either

of the form
M
Ory — vy +f(y, Vy)+ > uid; =0; ylr =g
i=1
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Introduction

We consider controlled parabolic equations, for time t > 0, in a smooth
domain Q € RY with boundary I' = 9, with d a positive integer, either
of the form

M

Ory — vy +f(y, Vy)+ > uid; =0; ylr =g
i=1

or in the form

M
ey — vAy +f(y,Vy) = 0; yle=g+>_ uV;
i=1
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Introduction

We consider controlled parabolic equations, for time t > 0, in a smooth
domain Q € RY with boundary I' = 9, with d a positive integer, either

of the form
M
5‘ty—vAy+f(y,Vy)+Zui¢;:0; ylr=g:
i=1
or in the form
M
Oy —vAy + f(y,Vy) =0; y|r=g+Zu;\U,-.
i=1

In the variables (t, x, X) € (0, +00) x Q x I', the unknown in the equation
is the function y = y(t,x) € R; the diffusion coefficient v > 0; the
functions g = g(t,X) € R and f: R x RY — R are fixed.

Introduction Sta b s Th
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Introduction

M
Ory —vAY + f(y, Vy)+ Y ui®; = 0; yYr=g& (1)
i=1
M
Oy —vAy +f(y,Vy)=0; yir=g+ Zu;\ll,-. (2)
i=1

In system (1) the functions ®; = ®;(x) are given and will play the role of
controllers, while in system (2) that role will be played by the given
functions V; = V,(%).
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Introduction

M
Ory —vAY + f(y, Vy)+ Y ui®; = 0; vlr=g ()
i=1
M
Oy —vAy +f(y,Vy)=0; ylr=g+ Zu,-\ll,-. (2)
i=1

In system (1) the functions ®; = ®;(x) are given and will play the role of
controllers, while in system (2) that role will be played by the given
functions V; = V,(%).

Here M is a positive integer and in both systems, u = u(t) € RM is a
control vector function at our disposal to be found.
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Introduction

M
Ory —vAY + f(y, Vy)+ Y ui®; = 0; vlr=g ()
i=1
M
Oy —vAy +f(y,Vy)=0; ylr=g+ Zu;\ll,-. (2)
i=1

In system (1) the functions ®; = ®;(x) are given and will play the role of
controllers, while in system (2) that role will be played by the given
functions V; = V,(%).

Here M is a positive integer and in both systems, u = u(t) € RM is a
control vector function at our disposal to be found.
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We are interested in controllers which are supported in a small domain,
either supp ®; C w C Q or suppV; C . C T, where w and I are given
open subsets of Q and I, respectively.

Internal controls ®; supported in w C Q. Boundary controls W; supported in [ C T.

Introduction
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Internal controllers

In our simulation, we will focus on the 2D case, considering our domain
to be the unit ball. We define a rectangular sub-domain where we denote
the internal controllers w = (0, ) x (0, 1). In the figure below, we plot 4
piecewise-constant controllers in sub-domain w.

Introduction The
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Boundary controllers

In the figure below, we show two boundary controllers. Our boundary is

I = (0,27). We use control of the form W;(0) = 1, 4,) sin (%) .

‘~/\

Figure : V. Figure : W,

Introduction Th
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We can define the controllers in some separated sub-domains as in Figure
below.

Figure : Internal Controllers. Figure : Boundary Controllers.

nt
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Let y = y(t) be a nonstationary solution for the system

Oy —vAy +1£(9,Vy) =0, Jr=8 y(0) = Joi

Introduction The transie
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Let y = y(t) be a nonstationary solution for the system
atj\/_VAj\/'i_f(y)Vy):O? y|r:ga .)7(0):.)70:

Given A > 0, our goal is to find a control vector function u; such that
the solution of

M M
Oy —vDy +f(y,Vy)+ > ud;i =0,  ylp=g+> uV,
i=1 i=1

. _ N N . ; A.
with y(0) = yo# Jo, goes to y exponentially with rate 5:

Y(8) = 9(8)]72gqy < Ce ™ [y(0) — 9(0)[72(q)

Introduction
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Let y = y(t) be a nonstationary solution for the system
Oy —vAy +f(§,Vy) =0, Jlr =8 ¥(0) = Jo;

Given A > 0, our goal is to find a control vector function u; such that
the solution of

M M
Oy —vDy +f(y,Vy)+ > ud;i =0,  ylp=g+> uV,
i=1 i=1

. _ N N . ; A.
with y(0) = yo# Jo, goes to y exponentially with rate 5:

Y(8) = 9(8)]72gqy < Ce ™ [y(0) — 9(0)[72(q)

Furthermore, we look for the control function u; in feedback
form u;(t) = Ki(t, y(t) — §(t)), for a suitable K;.

Introduction

www.ricam.oeaw.ac.at 9 Riccati based feedback stabi



BAWRICAN

With y(0) # $(0), the behaviour of the uncontrolled solution may be
quite different from the desired y (instability).

Introduction Th
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With y(0) # $(0), the behaviour of the uncontrolled solution may be
quite different from the desired y (instability).

Notice that, in terms of the difference v .=y — § our goal

Y(2) = 9(8)] 72y < Ce ™ [y(0) = 9(0)[2(q)

reads

V(B)[F2) < Ce™ [V(0) 72y |-

Introduction
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Linearized system

Thus. we want the difference z =y — § to go to zero exponentially. We
find

M
8tz—1/Az—|—f(y,Vy)—f()A/,V)A/)%—ZUi‘Di:O’ z|r =0.
i—1

Stabilization by finite dimensional controls The transie

S. Ro ccati based feedback stabilization to trajectories for paral



BAWRICAN

Linearized system

Thus. we want the difference z =y — § to go to zero exponentially. We
find

M
atz—yAz—l—f(y,Vy)—f()A/,V)A/)%—ZUi‘Di:O’ z|r =0.
i—1

By writing £ : (¢1,£2) e R x RY — R, (£1,£2) € R x RY, we denote
O f = g—; and O-f = g— Formally, we can rewrite

M
8tz—1/Az+az—|—Vo(bz)—N(z)—}-Zu,-CD,-:O.
i=1
where a == 01f |, g5 — V- Oaf |5 gy b= 0a2f (5 gy and N(2) is a

nonlinear term.

on Stabilization by finite dimensional controls The tr
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Family of internal controllers

Following the ideas in [BRS11, KR15b, KR15a, BKR15], we consider a
family C, = {®; € H|i€{1,2,...,M}} C H and denote by Py, the
orthogonal projection in H onto span(C,,,.

Stabilization by finite dimensional controls
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Family of internal controllers

Following the ideas in [BRS11, KR15b, KR15a, BKR15], we consider a
family C, = {$, e H|ie{1,2,...,M}} C H and denote by Py the
orthogonal projection in H onto spanCAw.

By defining

O(61,62,63,d,v) == D (14 & + d&3) + 2D)* (DretG + D (&2 + d83) )

The following result gives us a sufficient condition on the family é; for
the existence of a stabilizing control.

n Stabilization by finite dimensional controls The t em On
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Family of internal controllers

By defining

1
2

O(61.62,6,d,v) = D (1+ & + d3) +2(D)! (Dre& + D (62 +d8)))

The following result gives us a sufficient condition on the family C,, for
the existence of a stabilizing control.

Theorem

Let us be given x € C>®(Q) satisfying ) # w N supp x. If

[Lox (1 — PM)lw&(H,v/) < T,

. é( a—3 o 1B oo coyy[(@—2,b) ,d) .
with T = Ce =21, (Rg, L)L (R0, 59 =20, , then the system is
locally stabilizable to zero with rate %

Stabilization by finite dimensional controls The
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Family of boundary controllers

Let us consider a family Cr = {U; € H3([,R) | i € {1,2,..., M}}
satisfying 1r_xrCr C H%(F,R), and denote by Py, the orthogonal
projection in L?(I", R) onto span Cr.

[} Stabilization by finite dimensional controls The tr
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Family of boundary controllers

Let us consider a family Cr = {U; € H3([,R) | i € {1,2,..., M}}
satisfying 1r_xrCr C H%(F,R), and denote by Py, the orthogonal
projection in L?(I", R) onto spanCr. We define

1
O(r,01,02,d) =1+ 67 + do3 + —+ r (61 + db3),

Stabilization by finite dimensional controls The trans
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Family of boundary controllers

We define
1
O(r,01,602,d) =1+ 67 + do3 + —Hr (61 +db3) ,

Combining some of the arguments in [Bad09, Rod15], again we obtain

Let us be given a nonzero xr € C*=(Q) satisfying supp xr C .. If

2 —1
Lroxr(1 = Pm)Irclzic2((sos).0)), 6 (o)1) < TP (3)
5min@(7—, a— % ’lb‘LOO(RO,LOO)’d>
with Tr = Ce ™° L0 (g, L9) then the system is

locally stabilizable to zero with rate %

on Stabilization by finite dimensional controls The
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The dimension of the internal controller

Some estimates for the dimension of controllers in 1D were presented in
[KR15b]. For some type of controllers like when we have suitable
eigenfunctions of the Laplacian in L2(w) or piecewise constant
controllers, the estimates above allow us to derive some estimates on the
number of needed controls like

[SIES

M > (CT) (4)

[} Stabilization by finite dimensional controls The
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The dimension of the internal controller

Some estimates for the dimension of controllers in 1D were presented in
[KR15b]. For some type of controllers like when we have suitable
eigenfunctions of the Laplacian in L2(w) or piecewise constant
controllers, the estimates above allow us to derive some estimates on the
number of needed controls like

[SIES

M > (CT)%. (4)

For internal controls without no restriction on the support of the
controllers (w = Q) we can derive the estimate

Nla.

_d
M > D %ef (4]alw + 2|bJ2, +2X) 7. (5)

Stabilization by finite dimensional controls
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The dimension of the internal controller

Some estimates for the dimension of controllers in 1D were presented in
[KR15b]. For some type of controllers like when we have suitable
eigenfunctions of the Laplacian in L2(w) or piecewise constant
controllers, the estimates above allow us to derive some estimates on the
number of needed controls like

[SIES

M > (CT)%. (4)

For internal controls without no restriction on the support of the
controllers (w = Q) we can derive the estimate

_d g
M > D %ef (4]alw + 2|bJ2, +2X) 7. (5)
That is why we decided to perform some numerical simulations. The
results of those simulations suggest that an estimate like (5) might also
hold true in the general case w # €.

Stabilization by finite dimensional controls
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Linear parabolic system with feedback control

Here, we focus on the approximation of the linearized closed-loop systems
with feedback control in internal-control case

Oz —vAz+(a—3)z+ V- (bz)+ Fz =0, z[-=0

2(50) = Zp.

[} Stabilization by finite dimensional controls The trans
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Linear parabolic system with feedback control

Here, we focus on the approximation of the linearized closed-loop systems
with feedback control in internal-control case

Oz —vAz+(a—3)z+ V- (bz)+ F"z =0, z[-=0
2(50) = Zp.

with 7"z == By B; M, z;

[} Stabilization by finite dimensional controls The trans
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Linear parabolic system with feedback control

Here, we focus on the approximation of the linearized closed-loop systems
with feedback control in internal-control case

Oz —vAz+(a—3)z+ V- (bz)+ Fz =0, z[-=0

2(50) = Zp.

with F"z := By Bj,M,z; and in boundary-control case

dz—vDz+(a—3)z+ V- (bz) =0, z|. = By,
Ok + (¢ — %)f@—l—}'bo(z — Byk,k) =0,
z(s0) = yo + Buko, K(s0) = ko,

on Stabilization by finite dimensional controls The
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Linear parabolic system with feedback control

Here, we focus on the approximation of the linearized closed-loop systems
with feedback control in internal-control case

Oz —vDAz+(a—3)z+ V- (bz)+ Fz =0, zlp=0

2(50) = Zp.

with Finz = BmBjyMaz; and in boundary-control case

atz—z/Az—F(a—%)z—l—V-(bz):O, z|; = By,
Ok + (¢ — %)n + FP°(z — Byk, k) = 0,
z(s0) = yo + Buwko, K(S0) = Ko,

; o — R y
with F°(y, k) == Bl [J .

on Stabilization by finite dimensional controls The trans
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Linear parabolic system with feedback control

Here, we focus on the approximation of the linearized closed-loop systems
with feedback control in internal-control case

Oz —vDAz+(a—3)z+ V- (bz)+ Fz =0, zlp=0

2(50) = Zp.

with Finz = BmBjyMyz; and in boundary-control case

atz—z/Az—F(a—%)z—l—V-(bz):O, z|; = By,
Otk + (¢ — %)H + FP°(z — Byk, k) = 0,
z(s0) = yo + Buwko, K(S0) = Ko,

with FP°(y, k) = BN\ [ﬂ

M, and MY are the solutions of a suitable differential Riccati equation.

on Stabilization by finite dimensional controls Th
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Discretization of feedback control

We look for an approximation of I by solving a suitable matrix Riccati
equation

O:Np+MpX+X"MNp—MpRRMp+Ap+C'C=0, t>0.

[} Stabilization by finite dimensional controls The trans
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Discretization of feedback control

We look for an approximation of I by solving a suitable matrix Riccati
equation

O:Np+MpX+X"MNp—MpRRMp+Ap+C'C=0, t>0.

where the matrices X, R and C come from the discretization of the
differential Riccati equation.

Stabilization by finite dimensional controls
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Feedback control for a family of trajectories
We work with the linear system

Ov—vAv+av+V-(bv)=0, v|f=0, v(x,0)=vy;

Stabilization by finite dimensional controls The transient
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Feedback control for a family of trajectories

We work with the linear system
Ov—vAv+av+V-(bv)=0, v|f=0, v(x,0)=vy;

where

v =025, vy =sin(2x)cos(y),

a = —sin(t) cos(ix) + sin(5t) sin(jy) — 3,
by = cos(t) sin(—kx) — cos(3t) cos(ly),
by = sin(—t) sin(mx) — cos(2t) sin(ny).
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Feedback control for a family of trajectories

We work with the linear system
Ov—vAv+av+V-(bv)=0, v|f=0, v(x,0)=vy;
where

v =025, vy =sin(2x)cos(y),

a = —sin(t) cos(ix) + sin(5t) sin(jy) — 3,
by = cos(t) sin(—kx) — cos(3t) cos(ly),
by = sin(—t) sin(mx) — cos(2t) sin(ny).

with (i,j, k,I,m,n) € T where T is presented below

T=4{(1,1,1,1,1,1),(1,2,2,1,1,1),(2,-1,1,-3,5,1),
(-1,5,3,1,1,5),(1,2,3,4,5,6),(6,—2,5,3,4,1)} .

Stabilization by finite dimensional controls

am.oeaw.ac.at



OAW RICAM Johann Radon Institute for Computational and Applied Mathematics

N log‘(|vu(t)‘|%1/|vo|}{)

—(1,1,1,1,1,1)

—(1,2,2,1,1,1) 1
(2,-1,1,-3,5,1)

—(-1,5,3,1,1,5)

0 4
—(1,2,3,4,5,6)
—(6,-2,53,4,1)
5 ‘ ‘ ‘ ‘ ‘ ‘ ‘
o 1 2 3 4 5 6 7 8
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At + log(Jv(#)[7/|vol%)

A=2,
6 piecewise-constant controls |

—(1,1,1,1,1,1)
—(1,2,2,1,1,1)
(2,-1,1,-3,5,1)
100 | —(-1,5,3,1,1,5)
—(1,2,3,4,5,6)
—(6,-2,5,3,4,1)

14 . . . . . . .
0

1 2 3 4 5 6 7 8
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At -+ log(|v(8)[/[vol%)

A=2,
6 boundary controllers,
¢ =10. 7]

—(1,1,1,1,1,1)
—(1,2,2,1,1,1)
(2,-1,1,-3,5,1)
—(-1,5,3,1,1,5)
—(1,2,3,4,5,6)
—(6,-2,5,3,4,1)

1 2 3 L4 5 6 7 8
time ¢

Figure : With 6 boundary controllers.
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Increasing the number of internal controllers

We recall the trajectories presented above with
(i,j, k,I,m,n) =(2,-1,1,—-3,5,1) and show the controlled solutions
with 1, 2 and 4 internal controller(s).

[} Stabilization by finite dimensional controls The trans

www.ricam.oeaw.ac.at D S. Rodri Riccati based feedback stabilization to tra ies for parabolic



BAWRICAN

We recall the trajectories presented above with
(i,j, k,I,m,n) =(2,—1,1,—3,5,1) and show the controlled solutions
with 1, 2 and 4 internal controller(s).

Figure : 1 internal Figure : 4 internal Figure : 4 internal
controller. controllers (4,1). controllers (2,2).

ional controls
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Increasing the number of internal controllers

We recall the trajectories presented above with
(i,j, k,I,m,n) =(2,—1,1,—3,5,1) and show the controlled solutions
with 1, 2 and 4 internal controller(s).

At -+ log (v (t) 7/ [vol )

Stabilization by finite dimensional controls Th
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Increasing the number of boundary controllers

We recall the trajectories presented above with
(i,j, k,I,m,n) = (6,-2,5,3,4,1) and show the controlled solutions with
1, 2, 4 and 6 boundary controller(s).

Stabilization by finite dimensional controls

m.oeaw.ac.at D. Phan, S. Rodrigues, Riccati based feedback stab ctories for parabolic equations
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Increasing the number of boundary controllers

We recall the trajectories presented above with
(i,j, k,I,m,n) = (6,—2,5,3,4,1) and show the controlled solutions with
1, 2, 4 and 6 boundary controller(s).

At -+ log([u(t) [/ |vol7)

—6 controllers

4 controllers
—2 controllers|
—1 controller

Stabilization by finite dimensional controls Th

S. Ro ccati based feedback stabilization to trajectories for paral
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The transient bound for linearized system

We recall that we want |z|?, < Cye™*t|z]|? for the solution of linear
system.
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The transient bound for linearized system

We recall that we want |z|?, < Cye™*t|z]|? for the solution of linear
system.

Theorem
There are nonnegative constants Ty, and 7'% such that for a suitable

control function n € L? ((0,+00), L?(w)), the solution of the linear
system z; — vAz + az + V - (bz) + 1,n = 0 satisfies for all zy € H

1
2(8)2, < I e M) 5012 for t > s

The transient bound for linearized system

m.oeaw.ac.at 5 iccati based feedback stabilization to trajectories for parabolic equati
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The transient bound for linearized system

We recall that we want |z|?, < Cye™*t|z]|? for the solution of linear
system.

Theorem
There are nonnegative constants Ty, and 7'% such that for a suitable

control function n € L? ((0,+00), L?(w)), the solution of the linear
system z; — vAz + az + V - (bz) + 1,n = 0 satisfies for all zy € H

1
2(8)2, < I e M) 5012 for t > s

The transient bound for linearized system

m.oeaw.ac.at 5 iccati based feedback stabilization to trajectories for parabolic equati
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Transcient Bound

Here, we work with linear system where

v=05 a=—-10+2x+cosy, by = —x°, by = —siny

with no restriction number of controllers.
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Transcient Bound

Here, we work with linear system where
v=05 a=—-10+2x+cosy, by = —x°, by = —siny

with no restriction number of controllers.
For every value of A\, we receive a convergence rate function

n(t) == At + log (ll( I)‘H) depending on time. We define a new

parameter m), as follows

my = maé r;n>atz< I (t) — (o)
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Transcient Bound

Here, we work with linear system where
v=05 a=—-10+2x+cosy, by = —x°, by = —siny

with no restriction number of controllers.
For every value of A\, we receive a convergence rate function

n(t) == At + log (ll( I)‘H) depending on time. We define a new

parameter m), as follows

my = maé r;n>atz< I (t) — (o)
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Transcient Bound

351

Figure : my with X € [0,30].

Introduction Stabilization by finite dimensional controls The transient bound for linearized system One nonlinear e
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One nonlinear example

Oy —vAy=3y> —y* =2y + V- ()2y?) + /=0,  y| =g,
y(07X) - j\/(O,X) + 5‘/07

where fy and vy are (appropriate) functions.

We will set v = 0.2, XA =1, and | §(t,x) = (2x> + y?)sint | as our
targetted trajectory.

Remark. To make y a solution we (must) just take

fo = fo(9) = <6ty—vAy+63y + o taf+ = V % )72)),

~

g=g{y)=7Ir-

One nonlinear example

es for parabolic equations
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Compatibility conditions

Some boundary compatibility conditions must be satisfied. We consider a
perturbation yo = o + dvo, with ¢ small (the result is “local” for
nonlinear system), and v, the (numerical) solution of

—0.5AV0+rV0—|—V«(CVO)—}—h:O, v0|r:'y

2X1 X0

r=sin(x1) +x, c = {—2 sin(x

)} , h=cos?(3xp) + sin(x1) + 2.

With 4 internal piecewise constants controllers (defined in one
sub-rectangle).

0=0.1~vy=0.

With 4 internal piecewise constants controllers (defined in 4
separated sub-rectangles).

0 =035 v=0.

With 6 boundary sinus-like controllers.

§=0.035~v=>" V. x=(1,1,0,05,0,0).

One nonlinear example

Riccati based feedback stabi j ries for parabolic equations
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