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The Stokes problem

The classical Stokes problem consists of finding a velocity field
u € So(Q,RY) + up and a pressure field p € L5(2) which satisfy the
relations

—Div(rVu)+Vp=1~f inQ,
dvu=0 inQQ,

u=up onlp,

where f € LQ(Q,Rd), up is a given divergence free function, and
o = vVu is the stress tensor.
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Nonlinear boundary condition

up =0, —or€giluon',

where g > 0 is a constant.
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Nonlinear boundary condition

up =0, —or€giluon',

where g > 0 is a constant.

Since
z i d
olz| = 2] if z#0, z€ R,
CeRY  [¢|<1 ifz=0, z€RY,

the condition is equivalent to

|0n| Sg? Unun+g|Un| =0 onT.
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The generalized solution u € So(Q,RY) + up is defined by the
variational inequality

a(u.v = u) + [ () = e))S > (Fov =) W € SRR,

where
a(u,v—u):= /VVU 1 V(v — u)dx,
Q
J(€) := gl¢| for ¢ € HY/2(T). Hence, if |¢*| < g, then

Di(C.¢*) = / () +)*(¢7) — ¢ -¢)aS = / (gl¢] — ¢ 6)ds.
r

r
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For any v € So(Q,RY) + up, 7€ X, g € Ly, and v < 2

1 1
5 lu—v I < My = 5o Dilve,m)

1

T S (m d(v,q.7) . +

1 2
20[(2 — Oé) = |[’7777' ||) )

N

where

Dj(ve,n /(J(vt)+1 () —n-v)dS
d(v,q,7) :=vVv—-7T—q,

Lyr(w) = /(7’ :Vw — f-w)dx + /17- wedS
r

Q
[Lnr(w)]
1L, -] = sup —=——.
T wew IV
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In order to deduce a fully computable error majorant, the sets of
admissible 1 and 7 are narrowed, namely,

T € Hr(Div, Q) := {T € H(Div,Q), € [2(Q,R?) on r},
/(n ~7)dS=o0.
i

It is clear that for 7 = o and 1 = o} this condition holds, so that these
restrictions do not exclude physically meaningful functions.

6 of 13



In this case,

Lor(w) = /(f+ Div ) - wdx + /(n ) we dS.
Q r

Notice that w, = 0 on I, so that the last integral is estimated as
follows:

Jr=r)-was= [=r)-(we—{w})as
< fn=ellr Iw = {well < Grlln = 7elir [[Vw]|.
where Cr is a constant in the inequality
VIt = GV,

w € HY(Q) such that {w} = 0.
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/(f +Divr) -wdx < Cg[|f + Div || Vwl,
Q

where Cr is a constant in the Friedrichs type inequality
w|| < Ce||Vw]| Yw € W.
As a result, we find that

||'Cn,7'|| < CF||f+ DiVT” + Ean - T.nHr
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Let v € Vp + up. Then, for any 8 > 0, we have

2
fu=viZ<lu—vol+1lv-vl

1
<(@+08) lu—wv ”|2+(1+3) Iv—vo I,

where vy € V is a divergence free field vanishing on T,
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Consider the respective parts of the majorant.

ld(vo,q,7) Il <IvVv =7 —a [|. + V7IV(v — w)].

10 of 13



Consider the respective parts of the majorant.
ld(vo,q.7) I+ <lvVv =7 —q ||+ V7|V(v = w)].-

Since vy vanishes on the boundary

/ ((voe) +7*(n) — - vor) dS = Dy(ver ) + / (n-ve — j(ve))dS
r r

< Dj(ve,m) + /((77 —7t) ve +j7(7e))dS.
r
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Consider the respective parts of the majorant.
ld(vo,q.7) I+ <lvVv =7 —q ||+ V7|V(v = w)].-

Since vy vanishes on the boundary

/ () +5° (1) = 1-v0e) S = Dy(vesm) + - ve = i(ve))ds
r r

< Dj(ve,m) + /((77 —7t) ve +j7(7e))dS.
r

Notice that j*(7:) =0 if |7¢| < g and

/(n—Tt)' thS: /(n—Tt)'(Vt — VOt)dS
r r
< Grlln = 7elllIV(ve = voe) | < Crlln = 7l[[[ V(v —wo)]|-
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We find that

1 ~
My < 5=—Di(vesn) + Crlly = e[ V(v = )]
1

+aa = oy (RO-@0) +VFI9(r — )]

2
20(2 ’

where

1 ~
Rvsv7.n) = d(v..7) I+ = (Celf + Div|+ Celln = 7).

There exists vy such that

V(v —w)ll < Calldivv].
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1+ 1
Ju=v?< B<D(vf,)+5R2(v,q,r,n)

/7 . |
+ (;Rw, a71) + 2= )Gell = 7 ) Cal div]

2
+ —O‘JFB—((? 2| div v||2>
2a

where

1 . ~
R(v. g 7.) =1 (v, .7) I+ (eI +Divel + Celly =)

€ (0,2), 8 >0, and 7,7 satisfy conditions

ITel<g, Inl<g
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