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The Stokes problem

The classical Stokes problem consists of �nding a velocity �eld
u ∈ S0(Ω,Rd) + uD and a pressure �eld p ∈ L̃2(Ω) which satisfy the
relations

−Div(ν∇u) +∇p = f in Ω,

div u = 0 in Ω,

u = uD on ΓD ,

where f ∈ L2(Ω,Rd), uD is a given divergence free function, and
σ = ν∇u is the stress tensor.
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Nonlinear boundary condition

un = 0, −σt ∈ g∂|ut | on Γ,

where g ≥ 0 is a constant.

Since

∂|z | =

{
z
|z| if z 6= 0, z ∈ Rd ,

ζ ∈ Rd , |ζ| ≤ 1 if z = 0, z ∈ Rd ,

the condition is equivalent to

|σn| ≤ g , σnun + g |un| = 0 on Γ.
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The generalized solution u ∈ S0(Ω,Rd) + uD is de�ned by the
variational inequality

a(u, v − u) +

∫
Γ
(j(vt)− j(ut))dS ≥ (f , v − u) ∀v ∈ S0(Ω,Rd),

where

a(u, v − u) :=

∫
Ω

ν∇u : ∇(v − u)dx,

j(ζ) := g |ζ| for ζ ∈ H1/2(Γ). Hence, if |ζ∗| ≤ g , then

Dj(ζ, ζ
∗) =

∫
Γ

(j(ζ) + j ∗ (ζ∗)− ζ∗ · ζ)dS =

∫
Γ

(g |ζ| − ζ∗ · ζ)dS.
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For any v ∈ S0(Ω,Rd) + uD , τ ∈ Σ, q ∈ L2, and α < 2

1

2
|||u − v |||2 ≤ M1 :=

1

2− α
Dj(vt , η)

+
1

2α(2− α)

(
|||d(v , q, τ) |||∗ +

1
√
ν
||| Lη,τ |||

)2

,

where

Dj(vt , η) :=

∫
Γ

(j(vt) + j∗(η)− η · vt) dS,

d(v , q, τ) := ν∇v − τ − q ,

Lη,τ (w) :=

∫
Ω

(τ : ∇w − f ·w)dx +

∫
Γ
η ·wtdS

||| Lη,τ ||| := sup
w∈V0

|Lη,τ (w)|
‖∇w‖

.
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In order to deduce a fully computable error majorant, the sets of
admissible η and τ are narrowed, namely,

τ ∈ HΓ(Div,Ω) :=
{
τ ∈ H(Div,Ω), τt ∈ L̃2(Ω,Rd) on Γ

}
,∫

Γ
(η − τt)dS = 0.

It is clear that for τ = σ and η = σt this condition holds, so that these
restrictions do not exclude physically meaningful functions.
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In this case,

Lη,τ (w) =

∫
Ω

(f + Div τ) ·wdx +

∫
Γ

(η − τt) ·wt dS.

Notice that wn = 0 on Γ, so that the last integral is estimated as
follows:∫

Γ
(η − τt) ·wtdS =

∫
Γ
(η − τt) · (wt − {wt }Γ)dS

≤ ‖η − τt‖Γ ‖w − {w }Γ‖ ≤ C̃Γ‖η − τt‖Γ ‖∇w‖.

where C̃Γ is a constant in the inequality

‖v‖2Γ = C̃ 2
Γ (Ω)‖∇v‖2,

w ∈ H1(Ω) such that {w} = 0.
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∫
Ω

(f + Div τ) ·wdx ≤ CF‖f + Div τ‖‖∇w‖,

where CF is a constant in the Friedrichs type inequality

‖w‖ ≤ CF‖∇w‖ ∀w ∈ V0.

As a result, we �nd that

||| Lη,τ ||| ≤ CF‖f + Div τ‖+ C̃Γ‖η − τ · n‖Γ
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Let v ∈ V0 + uD . Then, for any β > 0, we have

|||u − v |||2 ≤ (|||u − v0 |||+ |||v − v0 |||)2

≤ (1 + β) |||u − v0 |||2 + (1 +
1

β
) |||v − v0 |||2,

where v0 ∈ V is a divergence free �eld vanishing on Γ.
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Consider the respective parts of the majorant.

|||d(v0, q, τ) |||∗ ≤|||ν∇v − τ − q | ||∗ +
√
ν‖∇(v − v0)‖.

Since v0 vanishes on the boundary∫
Γ

(j(v0t) + j∗(η)− η · v0t) dS = Dj(vt , η) +

∫
Γ

(η · vt − j(vt))dS

≤ Dj(vt , η) +

∫
Γ

((η − τt) · vt + j∗(τt))dS.

Notice that j∗(τt) = 0 if |τt | ≤ g and∫
Γ

(η − τt) · vtdS =

∫
Γ

(η − τt) · (vt − v0t) dS

≤ C̃Γ‖η − τt‖‖∇(vt − v0t)‖ ≤ C̃Γ‖η − τt‖‖∇(v − v0)‖.
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We �nd that

M1 ≤
1

2− α
Dj(vt , η) + C̃Γ‖η − τt‖‖∇(v − v0)‖

+
1

2α(2− α)

(
R(v , q, τ, η) +

√
ν‖∇(v − v0)‖

)2
,

where

R(v , q, τ, η) :=|||d(v , q, τ) |||∗ +
1
√
ν

(
CF‖f + Div τ‖+ C̃Γ‖η − τt‖Γ

)
.

There exists v0 such that

‖∇(v − v0)‖ ≤ CΩ‖ div v‖.
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|||u − v |||2 ≤ 1 + β

2− α

(
Dj(vt , η) +

1

2α
R2(v , q, τ, η)

+

(√
ν

α
R(v , q, τ, η) + (2− α)C̃Γ‖η − τt‖

)
CΩ‖ div v‖

+
4α− 2α2 + β

2α
νC2

Ω‖ div v‖2
)
.

where

R(v , q, τ, η) :=|||d(v , q, τ) |||∗ +
1
√
ν

(
CF‖f + Div τ‖+ C̃Γ‖η − τt‖Γ

)
,

α ∈ (0, 2), β > 0, and τ, η satisfy conditions

|τt | ≤ g , |η| ≤ g .
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