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Derivation

. Poisson equation

ar p(x)-charge distribution,
—V - (eV¢)= —p €(x)-relative dielectric permittivity
€0 €p-dielectric permittivity constant of vacuum

. 1) molecular region Q,

N 4
Pr = Gidx(x), X €Qm = -V (emVe)= o
i=1 0

. Combining 1) and 2) with generalized
coefficients ¢(x) and c(x)

. 2) solvent region €

‘ " . =V (€V9) = T (pr + ps)
qp —q9 q us —
= kT — kT = 2cqsinh — = —V - (esVp) = — ¢ () =0
Ps cqe cqe cq sin = (esV o) o Ps [¢]r i
[6—8(»} =0
nlr

. _ 2471 _
. Interface conditions [¢] = 0, [em}r =0
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The equation for the dimensionless potential i is:
V - (e(x)Vii) + K*sinh (1) = Zz,dxl (x)

3-term regularization: i = G + u" + u =
—~V - (eVu) + k*sinh(u) = 0
[ulr =0, [e5i], =er (1)
u=g, on 0Q
The weak formulation:
Find u € Hy(Q) := {v € H'(Q) : v = g on dQ} such that

/eVu~Vvdx+/k2 sinh(u)vdx = /grvds, Vv € Hy(Q) (2)

Q Q r

This formulation has a unique weak solution u € H; () N L>(Q)
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Another splitting: u = v’ + u"
Find u' € H;(Q) such that
a(u',v) = (gr,v), Vv € Hy(Q) 3)

Find u" € Hg () such that

a(u",v) + / b(x,u" + u')vdx = 0, Vv € Hy(Q) (4)
Q
b(x,s) : QxR —R

a(u,v) = /GVU'V‘/"X7 b(x,s) = k*(x)sinh(s)

Q

(3) has a unique solution v’ € H3(Q) N L>(Q) = (4) also has a unique weak
solution u” € Hy(Q) N L°(Q) which is the unique minimizer of

J(v) = / % |Vv|* dx + /B(x7 v+ u')dx
Q Q
B(x,s) : QxR =R, B(x,s)= k*>(x)cosh (s)
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Functional a posteriori error estimate for u”

Notation:

Vi=Hy(Q), Y :=(Lx(Q))?
A=V :V — Y is bounded from above and below
=3IN Y = V"

s = Wec.oxw o

B(x,s) = k’(x) cosh(s) : Q@ x R — R

G:Y SR, G(y):/§|y\2dx
2

G(Av) = g{g(X, Vv)dx = g{ L |7y dx
F(v) = [ Blxov + )dx = [ R(x)cosh(v + uyax [~ /)= G HFLY)
@ Q
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A convex functional J : V — R is called uniformly convex if there exists a nonnegative
proper and l.s.c functional T : V — R : T(v) = 0 < v = 0 such that for all vi, v, € V
the following inequality holds:

J (%) + T(v1 —w) < %(J(Vl) +J(v2))

Definition (Dual functional/ Fenchel conjugate/ convex conjugate)

Let J: V — R. The functional J* : V* — R defined by

() = sup (v, v) — (W)

is called the dual functional / Fenchel conjugate functional of J
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Definition (Second conjugate)

Let J: V — R. The functional J** : V — R defined by

I = s () = S}

is called the second conjugate functional J

Theorem (Fenchel-Moreau)

If J is a convex, proper (J : V — (—o0, +oo| and J # +o0), I.s.c functional, then
J e J**

J(v) = G(Av) + F(v) = sup {(y",Av) = G"(y") + F(v)},
y*eyvY*

G*: Y* — R is the Fenchel conjugate of G

L:V x Y* — R the Lagrangian for J, L(v,y"):=(y*,Av) — G*"(y™) + F(v),
inf J = inf L *

=] s L)

F(y7) = inf L(v.y") = =G"(y") + inf {(y",Av) + F(v)}
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Strong duality

Under certain conditions like lower/upper semicontinuity and convexity/concavity on
L(v,y™) with respect to v and y* respectively, and lower semicontinuity for J and
—I*, some coercivity conditions on L, there are u € V and p* € Y* such that

J(u) = inf J(v) = inf sup L(v,y™)

veVv VEV yxgy
I"(p*) = sup I"(y*)= sup inf L(v,y™)
yrey* yrey* veV

J(u) = I"(p*) (strong duality holds)
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J is uniformly convex

1

5 G(Av) + %G(/\Vg) -G (W)

1
n / (6|Vv1|2 + €| Vw|? - §|Vv1 + VVQ\2> dx
Q

1
. /EW(V1 — v)Pdx
Q

= G is uniformly convex with T¢(v — u) = % [ €|V (v — u)[? dx. Therefore J is also
Q

uniformly convex with the same forcing functional.

D BE
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If uis the minimizer of J, by the definition
of uniformly convex functional, applied to J
and its forcing functional T¢ [1] =

vV+u

Te(v ) £ 5 U0+ 9w 1 (Y5 <5 () = )

(G(AV) + F(v) + G (y") + F*(=A"y"))

N |~

< UM -0 =
So we get

e = Vil gy ~ Tolv — u)

<% (G(AV) + F(v) + G (y") + F*(=A"y")) =: Mg (v, y")

with "="iff v = v and y* = p* = eVu.
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Computing G*(y*)

G*(y*) = sup ((vy",y) — G(¥))

yey
= sup / Y (x) - y(x) — @y(x) cy(x)| dx
erQ

2

S/ sup {y"(x)- € — @Ef}dx
o CER?
=y 1 L
L Q/ 2oV (e
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Computing F*(—A*y*)

Fr(=A"y") = sup [(=A"y",w) = F(w)]= sup [{(—y",Aw) — F(w)]
weH}(Q) weHE(Q)

= sup / [fy* -Vw — B(x,w + u’)} dx = (if y* € H(div; Q))
WEH&(Q)h

= sup / [divy*w — B(x,w + u/)} dx
wEH&(Q)Q

= sup / [divy*(w +u') = B(x,w+ u’)] dx — /divy* u'dx
WGH&(Q)Q a

=I(w)

<Q/§ZD% [divy*(x) ({ + u/(x)> - B (x,f + ul(x)>]dx — SZdivy*(x)ul(x)dx

= / [divy*(x) (ﬁo(x) + u/(x)) - B (x, Eo(x) + u’(x))} dx — /divy*(x)u’(x)dx

Q Q
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= 1(&) — Adivy*u’dx
/

where & : Q — R is computed from the necessary (and sufficient) condition for
maximum:

dig (divy*(x) (5 —+ u’(x)) - B (x,f + u’(x))) =0

&o(x) = arcsinh (%(*}(()x)) —u(x)

_ div y*(x) div y*(x) 2
= In 20 + < 20 > +1 —u'(x)

€L2(Q) Vy* €H(div;Q2), because ‘In(y+\/y2+1>‘§|y\, Vy€eR
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Is it really true  sup /(w) = /(&) ? — Note that & ¢ H3(Q)
weHE(Q)

For any y* € H(div; Q) it is true that sup [I(w) = I(&).
WGHé(Q)

Idea of the proof:

B find a suitable sequence w, € HY(Q) st I(wa) — 1(&)
B For this, find {f,} C C5°(Q) : fulx) = f(x) == ™" ae and
{ul} € C§2(Q) : ul(x) — u!(x), a.e, st |fa(x)| < h(x) € L3(Q) and
lup()| < M1 lloe @) + 2.
B Then wy(x) :=1In (fn(x) + /f2(x) + 1) — ul(x) = &(x), a.e in Q and
wn € C3°()  H(R)
B divy*(x) (Wa(x) + u'(x)) = B (x, wa(x) + u'(x)) —
divy* (x)(éo(x) + u'(x)) = B(x, o(x) + u'(x))
B (%) Find a dominating summable function for
div y*(x) (wa(x) 4+ u'(x)) — cosh (x, wa(x) + u'(x)) and apply Lebesgue DCT
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Thank you for listening!
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