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Abstract

This talk considers a model for in vitro tumour evolution, in
which the tumour is large and has been unable to grow
blood vessels. Three formulations of the model will be
presented, along with three finite element schemes. These
include both fitted and unfitted sharp interface schemes,
and a diffuse interface scheme. Some analytical results will
be introduced. The results of a number of simulations will
also be presented.
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The model

The model
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The model

The model

∆u = 1 on Ω(t),

u = αV on Γ(t),

V = Q −∇u · n on Γ(t).

n

Ω

Γ(t)
Ω(t)

Figure: Curve Γ(t), with interior Ω, both in Ω.

Joe Eyles (University of Sussex) Tumour evolution j.eyles@sussex.ac.uk 5 / 28



Formulations

The model

∆u = 1 on Ω(t),

u = αV on Γ(t),

V = Q −∇u · n on Γ(t).

Formulation 1

∆u = 1 on Ω(t)

γ∇u · n + u = αV on Γ(t)

V = Q −∇u · n + βκ on Γ(t)

Formulation 2

∆u = 1 on Ω(t)

∇u · n +
u

α
= Q on Γ(t)

V =
u

α
+ βκ on Γ(t)

Formulation 3

∆u = 1 on Ω(t)

∇u · n +
u

α
= Q on Γ(t)

V = Q −∇u · n + βκ on Γ(t)
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All formulations in one

g :=
αV

γ
or g := Q

µ :=
1

α
or µ :=

1

γ

f := Q −∇u · n or f :=
u

α

The model

∆u = 1 on Ω(t)

∇u · n + µu = g on Γ(t)

V = f + βκ on Γ(t)
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Parametric approach

Parametric approach
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Parametric FEM form

∀φh ∈ {φ ∈ C (Ωn
h,R) : φ is linear on each element }∫

Ωn
h

∇uh · ∇φh dv + µ

∫
Γn
h

uhφh ds +

∫
Ωn

h

φh dv −
∫

Γn
h

ghφh ds = 0

∀ρh ∈ {ρ ∈ C (Γn
h,R

3) : ρ is linear on each element }∫
Γn
h

X
n+1
h − X n

h

dt
· ρh ds + β

∫
Γn
h

∇ΓX
n+1
h · ∇Γρh ds −

∫
Γn
h

fh · ρh ds = 0

Details found in, among others, [Dziuk, 1990] and [Deckelnick et al, 2005].
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Parametric numerical analysis results

max
Ω∪Γ

u ≤ max
Γ

u ≤ g

µ

||∆u||2L2(Ω) + ||∇u||2L2(Ω) + ||u||2L2(Ω) ≤ C

||∇u||2L2(Γ) ≤ C ||∇u · n||2L∞(Γ) ≤ C ||u − uh||2H1(Ω) ≤ Ch

∫ T

0
||X

n+1 − X n

dt
||2L2(Γ) dt +

β

2
sup

0≤n≤N
||(∇ΓX

n)||2L2(Γ)

≤ C

∫ T

0
||f ||2L2(Γ) dt +

β

2
||(∇ΓX

0)||

More results to come...
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Parametric mesh properties

Volume (harmonic extension){
∆u = 0, on Ω

u = Vn, on Γ

Surface (tangential ω) [Elliott et al 1, 2016]

M ′ := M(ωI + (1− ω)NNT )

for ω ∈ (0, 1].

[Elliott et al 2, 2016]

Uses the DeTurck trick and harmonic map heat flow on a reference mesh
to achieve good mesh properties, given an initial mesh velocity.
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Parametric simulations

Q = 0.5, β = 0.05 and α = 10−6. At t = 0, 2, 4, 6, and 8.

Joe Eyles (University of Sussex) Tumour evolution j.eyles@sussex.ac.uk 12 / 28



Parametric simulations

Q = 1.0, β = 0.05 and α = 10−6. At t = 0, 0.7, 1.4, 2.1, and 2.8.
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Parametric simulations

Q = 1.0, β = 0.1 and α = 10−3. At t = 0, 0.7, 1.4, 2.1, and 2.8.
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Unfitted approach

Unfitted approach
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Introduction

Boundary nodes.

Interior simplices.

Th := {µ ∈ Ωh | µ is inside or intersects Γh }

Nh := {p ∈ {nodes} | p ∈ µ for some µ ∈ Th , and p is outside Γh }

More info in [Barrett et al, 1987] and [Dziuk et al, 2013].
Joe Eyles (University of Sussex) Tumour evolution j.eyles@sussex.ac.uk 16 / 28



Unfitted FEM form

∀ρh ∈ {ρ ∈ C (Γn
h,R

2) | ρ is linear on each element }∫
Γn
h

X n+1
h − X n

h

dt
ρh ds + β

∫
Γn
h

(
∇ΓX

n+1
h · ∇Γρh

)
ds

=

∫
Γn
h

(Q −∇uh · nh)ρh ds

∀φ ∈ Wh := {φ ∈ C (Ωh,R) | φ is linear on each element }∫
Th
∇uh∇φh dx +

1

γ

∫
Nh

uhφh dx =

∫
Th
φh dx +

1

γ

∫
Nh

αVhφh dx
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Unfitted simulations

Q = 0.5, β = 0.05 and α = 10−6. At t = 0, 6, 12, 18, 24 and 30.
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Unfitted simulations

Q = 1.0, β = 0.05 and α = 0.1. At t = 0, 1, 2, 3, 4 and 5.
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Phase field approach

Phase field approach
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Introduction to the phase field

ε

Ω

ϕ = 1

ϕ = −1

Figure: The phase field Ω. Here Ω is a fixed domain that contains Γ(t).

ζ :=
1 + ϕ

2
δ := |∇ϕ|
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Phase field FEM form

Only possible for f = u
α , µ = 1

α and g = Q.

∀ρh ∈ { ρ ∈ C (Ωh,R) : | ρ| ≤ 1 and ρ is linear on each element }∫
Ωh

ϕn+1
h − ϕn

h

dt
(ρh − ϕn+1

h )dx − β
∫

Ωh

∇ϕn+1
h · ∇(ρh − ϕn+1

h )dx

− β

ε2

∫
Ωh

ϕn+1
h (ρh − ϕn+1

h )dx +
π

4ε

∫
Ωh

uh
α

(ρh − ϕn+1
h )dx ≥ 0

∀φh ∈ { ρ ∈ C (Ωh,R) : ρ is linear on each element }∫
Ωh

ζ∇uh∇φh dx +

∫
Ωh

δ
uh
α
φh dx =

∫
Ωh

δQφh dx −
∫

Ωh

ζφh dx
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Phase field numerical analysis results

∫ T

0
||
ϕn+1
h − ϕn

h

dt
||2L2 dt + sup

t
||∇ϕh||2L2 ≤ C

∫ T

0
||∇(ϕn+1

h − ϕn
h)||2L2 dt ≤ C∆t

||u − uh||2W 1
2,ζ

+ ||u − uh||2L2
δ(Ω)
≤ ch2

maxΩ∪Γ u ≤ maxΓ u ≤ αQ,

maxi ui ≤ C

More results to come...
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Phase field simulations

Q = 1.0, β = 0.1 and α = 0.1. At t = 0, 4, 8, 10, 12, 14, 16 and 18.
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Phase field simulations

Q = 1.0, β = 0.1 and α = 1.0. At t = 0, 12, 24, 36, 48, 60, 72 and 84.
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Summary

A simple model for tissue growth

Methods to preserve parametric mesh properties
during the evolution of Ω

An explanation of a simple unfitted method and the
problem relating to self intersection of Γ

A brief introduction to the phase field, including the
limitations imposed upon the model
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Questions?
j.eyles@sussex.ac.uk
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