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AANMPDE: Damped wave propagtion on networks

Network
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G = (V, E) a geom. graph

finite, connected, directed

e = (vi , vj) ∼ (0, `e)

ne(vi ) = −1, ne(vj) = +1

Model equations

∂tp
e + ∂xσ

e = 0 e ∈ E (1)

∂tσ
e + ∂xp

e + dσe = 0 e ∈ E (2)∑
e
ne(v)σe(v) = 0 v ∈ Vi (3)

pe(v)− pe
′
(v) = 0 v ∈ Vi (4)

p(v) = 0 v ∈ Vb (5)

plus initial cond. p(0) = p0, σ(0) = σ0

Lemma 1: For all p0 ∈ H1
0 and σ0 ∈ H(div) there exists a unique

classical solution (p, u) ∈ C ([0,T ];H1
0 × H(div)) ∩ C 1([0,T ]; L2 × L2)
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AANMPDE: Main properties

Lemma 2 (Variational characterization)

(∂tp(t), q)E + (∂′xσ(t), q)E = 0 ∀q ∈ L2

(∂tσ(t), τ)E − (p(t), ∂′xτ)E + (dσ(t), τ)E = 0 ∀τ ∈ H(div)
(VP)

Lemma 3 (Conservation of mass)

d

dt
m(t) = −

∑
v∈Vb

n(v)σ(v) (P1)

Lemma 4 (Dissipation of energy)

d

dt
E (t) = −d‖σ(t)‖2 (P2)

Lemma 5 (Steady states)

Unique solution (p̄, σ̄) ∈ L2 × H(div) of stationary problem (P3)

Lemma 6 (Exponential stability)

E (t) ≤ Ce−γ(t−s)E (s), s ≥ t (P4)
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AANMPDE: Discretization

Galerkin approximation
Find ph(t) ∈ Qh, σh(t) ∈ Vh such that ph(0) = πhp0, σh(0) = ρhσ0 and

(∂tph(t), qh) + (∂′xσh(t), qh) = 0 ∀qh ∈ Qh ⊂ L2

(∂tσh(t), τh)− (ph(t), ∂′xτh) + (dσh(t), τh) = 0 ∀τh ∈ Vh ⊂ H(div)

Lemma 7: There exists a unique discrete solution (ph, σh).

Lemma 8 (Structure preserving approximations)
If

(A1h) ∂′xVh = Qh; (A2h) N(∂′x) ⊂ Vh; (A3h) 1 ∈ Qh.

Then solutions (ph, σh) of discrete problem satisfy (P1)–(P4) uniformly!

Lemma 9 (FEM approximation)
Let Th(e) be mesh of e, define Th = {Th(e)}, and set

Qh = Pk(Th) and Vh = Pk+1(Th) ∩ H(div)

Then the compatibility conditions (A1h)–(A3h) are satisfied.
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