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G =(V,&) a geom. graph

finite, connected, directed
€= (Vi’vj) ~ (O’ee)
né(v) = =1, n(y)) = +1
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Model equations

Ops+0x0°=0 ec& (1)
0o+ 0xp°+dot=0 ec& (2

Z nf(v)eé(v) =0 veV, (3)
G = (V,€) a geom. graph pe(v)—pS(v)=0 veV (4)
finite, connected, directed
€= (Vi’vj) ~ (O’Ze)
né(vi) = -1, n*(v;) = +1 plus initial cond. p(0) = po, o(0) = o9

p(v)=0 veV, (b
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AANMPDE: Damped wave propagtion on networks

Network

efL
@)

G =(V,€) a geom. graph
finite, connected, directed
e=(viv) ~ (0,6)
n®(v;) = —1, n®(v;) = +1

Model equations
Opf+0x0°=0 ec& (1)
0o+ 0xp°+do*=0 ec& (2)

Ze nf(v)e¢(v)=0 veV:, (3)
pe(v) —p (V) =0 veV (4)
p(v)=0 veV, (5)

plus initial cond. p(0) = po, o(0) = oy

Lemma 1: For all py € H} and o¢ € H(div) there exists a unique
classical solution (p, u) € C([0, T]; H3 x H(div)) N C}([0, T]; L? x L?)
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Lemma 2 (Variational characterization)

(8tp(t)) Q)S + (a),(a-(t)a q)c‘: =0 Vqe L2

(0o (t),7)e — (p(t), 0eT)e + (do(t),7)e =0 V1 € H(div) (VP)
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Lemma 2 (Variational characterization)
(:p(t), @)e + (9o (t), q)e =0 Vgel?

(0ea(t), T)e — (p(t),0.7)e + (do(t), T)e =0 V7 € H(div) (VP)
Lemma 3 (Conservation of mass)
d
Sm(t) == n(v)o(v) (P1)
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Lemma 2 (Variational characterization)
(:p(t), @)e + (9o (t), q)e =0 Vgel?

(0ea(t), T)e — (p(t),0.7)e + (do(t), T)e =0 V7 € H(div) (VP)
Lemma 3 (Conservation of mass)
d
Sm(t) == n(v)o(v) (P1)
Lemma 4 (Dissipation of energy)
CE(t) = ~dlo ()| (P2)
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AANMPDE: Main properties

Lemma 2 (Variational characterization)

(9:p(t), q)e + (0% (t), q)e =0 Vgel?
(0:o(t), m)e — (p(t), 0%T)e + (do(t), T)e =0 V7 € H(div)

Lemma 3 (Conservation of mass)

d
%m(t) =— Zvevb n(v)o(v)

Lemma 4 (Dissipation of energy)

d 2
S E(t) = —dllo()l]

Lemma 5 (Steady states)
Unique solution (p,) € L% x H(div) of stationary problem
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AANMPDE: Main properties

Lemma 2 (Variational characterization)

(Oep(t), q)e + (050 (1), 9)e =0 VqelL?

(0o (t),7)e — (p(t), 0,7)e + (do(t),7)e =0 V7 € H(div)

Lemma 3 (Conservation of mass)

d
%m(t) =— Zvevb n(v)o(v)

Lemma 4 (Dissipation of energy)

d 2
S E(t) = —dllo()l]

Lemma 5 (Steady states)

Unique solution (p,) € L% x H(div) of stationary problem

Lemma 6 (Exponential stability)
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Galerkin approximation
Find ph(t) € Qn, O'h(t) € Vj, such that ph(O) = ThPo, Uh(O) = phoo and

(9epn(t), an) + (9on(t), an) =0 VgyeQyCL?
(Ocan(t), mh) — (pn(t), Oirh) + (don(t),mh) =0 V7, € Vi, C H(div)
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Galerkin approximation
Find ph(t) € Qn, O'h(t) € Vj, such that ph(O) = ThPo, Uh(O) = phoo and

(9epn(t), an) + (9on(t), an) =0 VgyeQyCL?
(Ocan(t), mh) — (pn(t), Oirh) + (don(t),mh) =0 V7, € Vi, C H(div)

Lemma 7: There exists a unique discrete solution (pp, o).
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Galerkin approximation
Find ph(l’) € Qn, O'h(t) € Vj, such that ph(O) = ThPo, Uh(O) = phoo and

(9epn(t), an) + (9kon(t), an) =0 VgyeQyCL?
(Ocan(t), mh) — (pn(t), Oirh) + (don(t),mh) =0 V7, € Vi, C H(div)

Lemma 7: There exists a unique discrete solution (pp, o).

Lemma 8 (Structure preserving approximations)
(Alh) 6)’<Vh = Qn (A2h) N(a)l() C Vi (A3h) 1€ Q.

Then solutions (pp, o) of discrete problem satisfy (P1)—(P4) uniformly!
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AANMPDE: Discretization

Galerkin approximation
Find pp(t) € Qn, on(t) € Vi such that py(0) = mhpo, or(0) = proo and

(Depn(t), gn) + (9%on(t), an) =0 Vg€ Q,CL?
(atdh(t),Th) — (ph(t)ﬁ;ﬂ,) + (dO’h(t)ﬂ'h) =0 VmeV,C H(dIV)

Lemma 7: There exists a unique discrete solution (pp, o).
Lemma 8 (Structure preserving approximations)

(A1lp) OLVh=Qn (A2,) N(O,) C Vi (A34) 1€ Qp.
Then solutions (ps, op) of discrete problem satisfy (P1)—(P4) uniformly!

Lemma 9 (FEM approximation)
Let Th(e) be mesh of e, define Ty = {Tx(e)}, and set

Qh = Pk(Th) and Vh = Pk+1(Th) n H(div)

Then the compatibility conditions (Al,)—(A3p) are satisfied.
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