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A posteriori error estimates

A posteriori error estimates provide an opportunity to evaluate a norm of
difference between exact and given approximate solutions without using
the exact solution itself.

Functional approach is developed by Prof. S. Repin and his colleagues. It
is reliable and can be used for a wide range of approximations.

In applied mechanics there are several beam models of various complexity.
Known results for functional type error estimates:

@ Euler-Bernoulli beam: O. Mali, M. Frolov, 2009-2011
@ Straight Timoshenko beam: M. Frolov, 2010
@ Curvilinear Timoshenko beam: O. Chistiakova, M. Frolov, 2015-2016
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Beam models and underlying assumptions

Plane cross sections remain plane after bending

All longitudinal sections resist bending independently

o Euler-Bernoulli beam: plane cross sections remain orthogonal to the
deformed axis (works fine for thin beams and small deflections)

Timoshenko beam: shear effects considered, plane cross sections
may not remain orthogonal to the deformed axis (can be applied to
beams of moderate thickness and even composite beams)
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Curvilinear Timoshenko
Notation

ug — traverse displacement,
F: — traverse force,

Usx — axial displacement,
F.x — axial force,

f — rotation of beam
cross-section,

m — bending moment,

k — shear correction factor,

A — area of the cross-section,
E — Young's modulus,

G — shear modulus,

beam:
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Is — sectional moment of inertia,

R — curvature radius;

" denotes the derivative d% where x € T = (0, L), L — the beam’s length.
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Curvilinear Timoshenko beam:
Problem statement
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Equilibrium equations:
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Curvilinear Timoshenko beam:
Problem statement

A clamped beam is assumed:

Utr(o) = Utr(L) =0,
Uax(o) = Uax(L) =0,
6(0) = 6(L) = 0,

where L is the beam’s length.

For any conforming approximate solution ({ax, by, 0) the following error
measure is estimated:

2 = 2 (Ui e ) — S v 0)) =
VA (e + ) + | e+ | VR (e + 0~ )

R
where ey = Uax — lax, € = Uy — by, €9 = 0 — 0.
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Curvilinear Timoshenko beam:
Simplifying notation

The error measure can be rewritten as
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using the following notation:

’y:EA(U;x'i_%)v;?:EA(a;X"'%)» e,y:’y—’")'/;
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g:kGA(u’t,Jre—“%X),é:kGA(ﬁ;,Jre"—ﬂ), ee=¢—¢

¢ = Elst', ) = Els0', ey = — .
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Curvilinear Timoshenko beam:
Free variables

Introducing a triple of free elements 4 € H'(Z), £ € HY(Z), ¢ € HY(Z),
we get:
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Curvilinear Timoshenko beam:
Estimating €2 terms

Estimating the encircled terms is straightforward.

For estimating terms that contain elements of equilibrium equations, an
extra inequality needs to be utilized:

1 - x*(vo, wo, $o)
C2 B (vo,wo,%0) A2(\/07 wo, ¢0)’

where (vo, wo, o) € HY(Z) x H(Z) x H}(Z),
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Constants C,x, C¢, Cy are chosen as normalized combinations of material
and shape parameters: C;, = kGA/L?, Co = EA/L?, Cy = Els/L?.
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Curvilinear Timoshenko beam:
A posteriori error estimate

Finally,

[e<M=M+M] o |&<(1+B)M:+(1+57)M;

where
, R 1 ENIE: NI
My = E(V—V) +Hm(§—§> +HE(¢—¢> ;
M; = C*R?,
~ 2
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and (3 is an arbitrary positive parameter.
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Numerical example 1:

Thin straight beam
M. Frolov, Russ. J. NAMM, 2010

KODRL SOLUTICK A N S;TS—

[ ] T T
[ 002227 004455 .006RA2
001114 003341 . Q05560 010023
Number of elements € M ratio
100 791x1072[799x10°2| 1.0
200 401x1072|4.05%x1072| 1.0
400 201x1072|204%x1072| 1.0
800 1.01x1072 | 1.04x10°2| 1.0
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Numerical example 2:
Thin curvilinear beam

Number of elements € M ratio
100 7.87x107°[858x10°°| 1.1
200 3.96 x107% | 436 x10°% | 1.1
400 2.02x107°% | 222x107% | 1.1
800 1.07x1076 | 1.20x 1079 | 1.1
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Numerical example 3:
Curvilinear beam of moderate thickness

0 004402 008804 013205 017607
.002201 006603 .011005 015406 -o19808

Number of elements € M ratio
100 116 x 1072 | 143x107° | 1.2
200 593x1072 | 731x1072 | 1.2
400 298 %1072 | 3.73x 1072 | 1.3
800 1.74x 1072 | 225 x 1072 | 1.3
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Conclusions

@ A new functional a posteriori error estimate is derived for curvilinear
Timoshenko beams.

@ The estimate is implemented and numerically tested on a number of
examples with ANSYS.

@ The estimate is reliable, can be applied to any conforming
approximate solution and appears to be a generalization of a
functional a posteriori error estimate for straight Timoshenko beams
known from the literature.

@ In all considered cases overestimation of the true error is sufficiently
small to conclude that the estimate is efficient and may become a
practically valuable tool for engineering computations with black-box
commercial software for CAE.
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Thank you for your attention!
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