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Time Fractional Diffusion Equation

Model problem:

007 u(x, t) — Au(x, t) = f(x, 1), inQr :=Qx(0,7T),
u(x,t) =0, onXr:=900Qx(0,T),
u(x,0) = up(x), for x € Q,

where Q c R” is a smooth and bounded domain and
O<a<.
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Time Fractional Diffusion Equation

Model problem:

007 u(x, t) — Au(x, t) = f(x, 1), inQr :=Qx(0,7T),
u(x,t) =0, onXr:=900Qx(0,T),
u(x,0) = up(x), for x € Q,

where Q c R” is a smooth and bounded domain and
O<a<.

— f0g: Riemann-Liouville derivative

— S0 Caputo derivative

Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ;ﬁ‘
07-07-2016 3



www.numerik.math.tugraz.at m

Riemann-Liouville Definition

- Left R.-L. fractional derivative of order 0 < a < 1 is defined as

10 [Mulx,T)
R o« _ - ’
QU 1) = F ) 8t/0 (t—n) "

where T'(-) denotes Gamma function

r(x) = / e ! dt
0
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Riemann-Liouville Definition

- Left R.-L. fractional derivative of order 0 < a < 1 is defined as

10 [Mulx,T)
R oo _ - ’
00F U = T 8t/0 - "

where T'(-) denotes Gamma function

r(x) = / et dt
0

- Right R.-L. fractional derivative of order 0 < a < 1 is defined as

Ao 1 a/T u(x, )
roTu(x 1) = rM—a)ot ), (r—1t* ar
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Riemann-Liouville Definition

— Laplace transform of the R.-L. derivative (n—1 < a < n)

n—1
L{EDFH(t): s} = sF(s) — D s“[FDF (D)o,

k=0
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Caputo Definition

- Left Caputo fractional derivative of order 0 < o < 1:

1 'au(x T) 1
Caa _ )
0O U 1) = 13 —a)/o or  (t=np 7

- Right Caputo fractional derivative of order 0 < o < 1:

1 T@u(x ‘7) 1
Coa ’
t87-u(x,t)——|_(1 )/t 5 ( t)o‘ loli
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Caputo Definition

- Left Caputo fractional derivative of order 0 < o < 1:

t
Soru(x. 1) = : 1 /Oau(x,r) LI

(1-a) or (t—r7)~
- Right Caputo fractional derivative of order 0 < o < 1:
1 Tou(x,r) 1
Caa _ )
FoRU ) = —a)/, or e

— Laplace transform of the Caputo derivative (n—1 < a < n)

n—1
L{GDyf(t); s} = s*(s) — Y s* 7 11(0),
k=0
OS;lrg;llz_g?g Bonkhoff, Institut fir Numerische Mathematik ’ ﬁ‘
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Fractional Derivatives

Relationship between R.-L. and Caputio derivatives for
O<a<1:

u(x,0)

R o« _
082 U(X7 t) - r(1 —Oé)ta

+§0Fu(x, 1)
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Fractional Derivatives

Relationship between R.-L. and Caputio derivatives for
O<a<1:
u(x,0)

Caa
A -y + 5 ofu(x,t)

00fu(x, t) =
- For homogeneous initial condition the R.-L. definition coincides
with the Caputo definition
- R.-L. derivatives for definitions of new function classes

- Caputo derivatives for handling inhomogeneous initial conditions
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Analytical Solution

1D time fractional diffusion equation for 0 < o < 1

Socu(x,t) — d2u(x,t)=0, xe(0,1),t>0
u(0,t)=u(1,t) =0, t>0
U(Xv 0) = UO(X)a X € (071)
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Analytical Solution

1D time fractional diffusion equation for 0 < o < 1

Socu(x,t) — d2u(x,t)=0, xe(0,1),t>0
u(0,t)=u(1,t) =0, t>0
U(Xa 0) = UO(X)a X € (071)

— separation of variables:

Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ﬁ
07-07-2016 i



www.numerik.math.tugraz.at m

Analytical Solution

1D time fractional diffusion equation for 0 < o < 1

Socu(x,t) — d2u(x,t)=0, xe(0,1),t>0
u(0,t)=u(1,t) =0, t>0
U(Xa 0) = UO(X)a X € (071)

— separation of variables:
© 1
u(x, ) =2 Eq1(—(km)?t*)sin(kmx) / uo(7)sin(km) dr
k=1 0
with Mittag-Leffler function

0 k
Z V4
EH’Z,(Z) . — k_o m7 Z e C.
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Example

u(x,t) = 25: E..1(—(km)?t*)sin(knx) /1 uo(7)sin(krr) dr
0

uo(x) = x(1 — x), x €(0,1)

20 distance

n|—=

solution for o = 1 solution for o« =
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Fractional Derivative Spaces [Ervin and Roop (2007)]

Forr,s > 0and [ = (0, T) we consider the anisotropic Sobolev
spaces

H'S(Q x [) = L2(1; H(Q)) N HS(1; L3(Q))

Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ﬁ‘
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Fractional Derivative Spaces [Ervin and Roop (2007)]

Forr,s > 0and [ = (0, T) we consider the anisotropic Sobolev
spaces

H'S(Q x [) = L2(1; H(Q)) N HS(1; L3(Q))

Define H}(/) as the closure of Cg°(/) with respect to the norm

1

2 2 2 . R
VIlksy = (HVHLz(/) + ’V’H/S(l)) WVl = o DEVilizq)y-
OS;lrg;llz_g?g Bonkhoff, Institut fiir Numerische Mathematik ﬁ‘
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Fractional Derivative Spaces [Ervin and Roop (2007)]

Forr,s > 0and [ = (0, T) we consider the anisotropic Sobolev
spaces

H'S(Q x [) = L2(1; H(Q)) N HS(1; L3(Q))

Define H}(/) as the closure of Cg°(/) with respect to the norm

1
Illgen = (V) + 1vIZe0) "+ IVl = I DFVilizg,
— analogue we can define the spaces H7 (/) and H3(/) with
V] sy == IF D3V 2

1 1
|V‘Hg(l) = ’((?D?V, t"qD?'V)LZ([)P7 S;zén_E
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Properties

- For s # n+ } the spaces H$(/) and HS(/) are equal with
seminorms and norms

13 Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik nﬂ
07-07-2016 L



www.numerik.math.tugraz.at m

Properties

- For s # n+ } the spaces H$(/) and HS(/) are equal with
seminorms and norms

- ForO<a<1andwe H*(I),v e C3°(I):

<gD;lW7 V)I = (Watl‘q (71"/),
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Properties

- For s # n+ } the spaces H$(/) and HS(/) are equal with
seminorms and norms

- ForO<a<1andwe H*(I),v e C3°(I):

(@Dtaw, V)/: (W,fD%v)l

- ForO<a<1andwe H'(l),w(0) =0,v e Hz (/)

((?D;"W, V>/ = <gD?W,fDT?v)I

13 Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik »ﬁ
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Variational Formulation [Li and Xu (2010)]

Find u € HS’%(OT), u(x,0) =0:
(@a? u,Fo2 v) o F Oxt1.0¥)g, = (F V),

forallv e Hy ?(Qr), v(x,0)=0and 0 < a < 1.
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Variational Formulation [Li and Xu (2010)]

Find u € HS’%(OT), u(x,0) =0:
(g’a? u,Fo2 v)O +(0x, 03V) g, = (£, V)ar
T
forallv e Hy ?(Qr), v(x,0)=0and 0 < a < 1.

— Bilinearform is continuous and coercive

= Existence and uniqueness of the solution by Lax-Milgram
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Model Problem

Time fractional diffusion equation with Caputo derivative
Sofu—nAu=0, InQr=Qx(0,T),
ulg, =9, onxXr="Ix(0,T),
u(x,0) =0, for x € Q,
0 < a <1 and Q2 open and bounded with smooth boundary.
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Model Problem

Time fractional diffusion equation with Caputo derivative
Sofu—nAu=0, InQr=Qx(0,T),
ulg, =9, onxXr="Ix(0,T),
u(x,0) =0, for x € Q,
0 < a <1 and Q2 open and bounded with smooth boundary.
Consider the fractional diffusion equation
(§og — D)G(x, t) = §(x, 1).
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Model Problem

Time fractional diffusion equation with Caputo derivative
Sofu—nAu=0, InQr=Qx(0,T),
ulg, =9, onxXr="Ix(0,T),
u(x,0) =0, for x € Q,
0 < a <1 and Q2 open and bounded with smooth boundary.
Consider the fractional diffusion equation
(§og — D)G(x, t) = §(x, 1).
— Fourier-Laplace transform:

(€2 + s*)G(¢, ) = 1

5 1
& G,8) = ———
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Fundamental Solution

Laplace transform of the Mittag-Leffler function:

LUFE,  (—AtY): 8} = / e St E,  (—At) dt
0
stV

TS

17 Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ‘ﬁ‘
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Fundamental Solution

Laplace transform of the Mittag-Leffler function:

L{E (A} = [ e E, (A o
0
shv

TS

— Fourier transform of the fundamental solution:

1

G(¢.s) = P+ s

G(E, 1) = T E, o (€ P1Y)
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Fundamental Solution

— invert Fourier transform:
G(x, 1) = (27)"% / (TE, o (—[€21) e de
Rn
n 1
e (4|x|2ta) ,

where

Hon(2) = H |2

) . i F(g +S)F(1 +S) _s
(i) = 27ri/c f(atas) - %

is the Mellin-Barnes integral definition of the Fox H-function
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Single Layer Potential

— For a given boundary distribution o(x, t) € C*°(X 1) we define
the single layer potential

u(x, 1) = So(x, 1) = /0 /r oy, 7)G(x — y.t — 7) ds, dr.

forxeQ, te(0,T)

Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik »ﬁ
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Single Layer Potential

— For a given boundary distribution o(x, t) € C*°(X 1) we define
the single layer potential

u(x, 1) = So(x, 1) = /0 /r oy, 7)G(x — y.t — 7) ds, dr.

forxeQ, te(0,T)
— Boundary integral equation:

Vo (x,t) :=7(So)(x, t) = v(u)(x, 1) = g(x; 1),
for(x,t) e Xt
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Single Layer Potential

— For a given boundary distribution o(x, t) € C*°(X 1) we define
the single layer potential

u(x, 1) = So(x, 1) = /0 /r oy, 7)G(x — y.t — 7) ds, dr.

forxeQ, te(0,T)
— Boundary integral equation:

Vo(x, t) :=v(So)(x, 1) = v(u)(x, t) = g(x, 1),

for(x,t) e £r
— For 0 < s < 1 the operator

V:H$"25(x1) 5 H'=s20-9)(xq)

is continuous

Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ‘ﬁ‘
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Jump Relations

Applying the time reversal operator kru(x,t) = u(x, T — t):

T T
| §apett) (rrupey ot = [ ere)(o Sorun et
0 0

for o € C'([0, T]) and v € C'([0, T]), ¥(0) = 0

Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ‘ﬁ‘
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Jump Relations

Applying the time reversal operator kru(x,t) = u(x, T — t):

T T
| §apett) (rrupey ot = [ ere)(o Sorun et
0 0

for o € C'([0, T]) and v € C'([0, T]), ¥(0) = 0

— Green’s formula for the fractional diffusion equation:

{(§08 — AYu krv — kU (§08 — A)v} dx dt
Qr

= (y(u), 11(k7V)) = (1 (U),v(K7V))

for a smooth test function with v(x,0) =0

Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ‘ﬁ‘
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Jump Relations [Kemppainen, Ruotsalainen (2010)]

= Forevery ¢ € H*%’*%(ZT) there hold the jump relations

[v(S¢)] =0,
[ (SY)] = =2

Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ‘ﬁ‘
07-07-2016 o
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Coercivity

Theorem (Kemppainen, Routsalainen (2010))

The single layer operator V : H=2=%(<1) — Hz:%(Xr) is an
isomorphism. Futhermore, it is coercive, i.e. there exists a positive
constant ¢ such that

(Vo,0) > cllol®

%)
[j—1 _a

foralloc e H 2= (X7).

Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik w
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Coercivity

Theorem (Kemppainen, Routsalainen (2010))

The single layer operator V : H=2=%(<1) — Hz:%(Xr) is an
isomorphism. Futhermore, it is coercive, i.e. there exists a positive
constant ¢ such that

2
(Vor0) = ellolf y

forall o € H=2=%(<7).
— TFDE admits a unique solution u(x, t) € H2 (Qr)
u(x,t) = So(x,t),
where ¢ € I:I‘%"%(ZT) is the unique solution of
Vo=g, geHzi(xy)

Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik %
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Outlook

- Investigation of the boundary integral operators

— apply the theory of boundary integral equation to the
fractional diffusion equation

- Behavior of the fundamental solution

- Space time discretizations for the time fractional diffusion
equation

o4 Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ﬁ‘
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Asymptotic Behavior [Kemppainen (2011)]

G(x,t) = 72t x| T"Hpyy (31x[Ft*), x € Rt >0
G xeR"t>0

27 Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik “ﬁ
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Asymptotic Behavior [Kemppainen (2011)]

G(x,t) = 72t x| T"Hpyy (31x[Ft*), x € Rt >0
’ - oa XERn7l‘>O

(i) if z:= [x2t== > 1, then
IG(x, 1)| < Ct™ ¥~ exp(—ot~ 2% |x|77),

where o = 472025 (2 — q)

Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ‘ﬁ‘
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Asymptotic Behavior [kemppainen (2011)]

G(x, 1) = 72t x| T"Hpyy (31x[Ft*), x € Rt >0
5 oa X c Rn7 t>0
|G(x, 1)] < Ct~ %~ exp(—ot~ 7% |x|77),

where o = 472075 (2 — )
(iiy if z <1, then

t1 n=2
t—z 1 n=3
G(x, )| <C
(CUOI= N ot (iogxt-=) 1) n=a
t—o— 1| x|—n+4 n>4a
Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ﬁ
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Caputo Derivative

ForO0<a<1andwe H'(/),v e Hz(I) we have

(gD;"W, V)/ = ((?D,% w,PDE V)/ — (m, v)l.

8 Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik a‘
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Caputo Derivative

ForO0<a<1andwe H'(/),v e Hz(I) we have
Cpa _(Rp%.,, ApE Y _ (w0t
(OD, WaV),—(th thDTV), (r(1_a),v -

= Variational Formulation: find u € HS’%(OT):

a a u X,O I«
(80 uPoFv) , +(@xt.0)g, = (F:v)ar + (r(u_)a)’ V) o
:

forallv e Hg’%(Or).

Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ﬁ
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Continuity

Theorem (Kemppainen, Ruotsalainen (2010))
Let0 < s < 1. The operator

V:HS"%5(x7) » H'==20-9 (%)

is continuous.

29 Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik ) ﬁs
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Continuity

Theorem (Kemppainen, Ruotsalainen (2010))
Let0 < s < 1. The operator

V:H$25(x1) - A= 20-9)(x )

is continuous.

- S¢=G=*7'(¢)
- G s HREL(R % (0, T)) — HE2 28R 5 (0, T)) is
continuous

- Trace v : H"5(Qr) — H**(X7) is continuous and surjective for
A=r—}p=2xandr>}%s>0

-t H™A7H(Er) = Hoomp “(R” x (0, 7))

29 Sarah-Lena Bonkhoff, Institut fir Numerische Mathematik . ”
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