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Functional type a posteriori error control

Dual variational technique
Exposed in detail in

o P. Neittaanmaéki and S. Repin. Reliable methods for computer simulation. Error control
and a posteriori estimates. Elsevier, New York, 2004.

Method of integral identities
Exposed in detail in

@ S. Repin. A posteriori estimates for partial differential equations. Walter de Gruyter,
Berlin, 2008

In this talk we derive error equalities and estimates for mixed approximations. The
error is measured in a combined norm taking account both the error in the primal and
dual variables.

1) Derive an error equality for a problem with a lower order term
2) Use this result to obtain a two-sided estimate for the case without a lower order term

L. Anjam and D. Pauly Functional A Posteriori Error Control for Conforming Mixed Approximatior



Notation and definitions

Let QO € RY, d > 1 be a bounded domain with boundary I' = 0Q). We denote the inner
product and norm in L2(Q)) by

(v, w)q = / vwdx  and [v|q = 1/{v,9)q
Q
The space with square summable gradients and divergences are denoted by
HI(Q) == {gp e L’(Q) | Vg € ()},
D(Q):= {9 € L2(Q) | divg € L>(Q)},

with the inner products (-, -) 1), (/ *)p(0) and induced norms | - |1, | - b ()
(

respectively. Functions from H!(Q2) vanishing on the boundary we denote by H-(Q).

Partial integration
Vo eHHQ) Y9peD(Q) (Vo P)a=—(¢div)a.

Friedrichs inequality
Vw e HH(Q)  |w|o < Ce|Vwln,
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Reaction-diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divptu=f inQ),
u=0 onT,

where f € L2(Q)).
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Reaction-diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divptu=f inQ),
u=0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

f — i+ divplg +|p— Vit = [u—it+div(p —p)[{+ [p—p+ V(u—1)§
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Reaction-diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divptu=f inQ),
u=0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then
[f =+ divpls +|p = Valy = |u— s+ div(p—p)[b+ P —p+ V(- 1)
— lu— affy + | div(p — p)  + 2(u — i, div(p — p))x
+lp—pla + IV =) [E +2(p—p, V(u—)o
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Reaction-diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divptu=f inQ),
u=0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

If — i+ divplgy +|p— Vit = [u—it+div(p —p)[H + |p —p+ V(u—1) [

= |u—al}y + |div(p — p) [} + 2 =T =T) )0
+1p—plh+ IV (u— 1)} + 2F=p~He=T)0

= ‘u _ﬁml(ﬂ) + ‘p_ﬂzD(Q)

So we have an error equality for the reaction-diffusion problem.
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Find the primal variable # € H!(Q) and the dual variable p € D(Q) such that

p=Vu in Q),
—divp=f inQ),
u=20 onT,

where f € L2(Q).
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=20 onT,

where f € L2(Q)).
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=2~0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

=y ) +1p = Pl) = If + 1 — B+ divpls + [p - Vil
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=2~0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

lu =2 ) +p = Pl) = If + 1 — B+ divpls + [P — Vil

=|f+divp|3 + [u— a3 +2(f +divp,u—it)q +|p— Viil3
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=2~0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

|u fﬂ@gﬁ Ip = Blda) = If +u—a+divplg +p— Vil
= |f +divp|3 + =5 4+ 2(f +divp,u—i)q + |p— Viil3
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=2~0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

V(=) [} + p =Pl ) = If +divpd +2(f +divp,u—a)a +|p— Vilh
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=2~0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

V(=) |4+ p =Pl = |f +divp[d +2(f +divp,u—i)a +|p— Vilh
< f+divp|y +2|f + divplq |1 — it|q + |p — Vilh
< |f +divp3 4 2Ck|f + divplg |V(u — @) + |p — V|3

< |f +divplg + CRlf + divplg + G — )|+ |p— Vifg

1
< |f +divp|4 4+ 2CE|f + divp|3 + E\v(u — )4+ |p - Vij
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=2~0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

1 ~ N . - -
S|V =m)[h+1p—plyq) < 1+2C)|f +divpls + p— Vil
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=2~0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

V(= m)[g,+ p =Pl ) < (1+4CE)If + divplg +2[p — Virlg
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=2~0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

V(= m)[g,+ p =Pl ) < (1+4CE)If + divplg +2[p — Virlg
On the other hand

p— Vi =1p—p+ V- <2(p-plh+Vu—0))
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=2~0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

V(= m)[g,+ p =Pl ) < (1+4CE)If + divplg +2[p — Virlg

So we have 1
5Ip =Vt <[p—plty+ V(-
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=2~0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

V(= m)[g,+ p =Pl ) < (1+4CE)If + divplg +2[p — Virlg
So we have

5P =Vl +|f + divply < |p—pls + [div(p—p)[s + V(e - 0)[
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=2~0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then

V(= m)[g,+ p =Pl ) < (1+4CE)If + divplg +2[p — Virlg
So we have

p— Vil +|f +divp[h < |p—plpq) + IV —)[3

N
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Diffusion problem

Find the primal variable u € H'(Q) and the dual variable p € D(Q)) such that

p=Vu inQ),
—divp+u=f+u inQ,
u=2~0 onT,

where f € L2(Q)).
Let (i, p) € HE(Q) x D(Q) be arbitrary. Then
1
[f +divpP+51p— Vi
<|V@u—a)+[p-plp
< (1+4CH)|f + divp|® +2|p — Va|?
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Summary: static problems

(Let Q) be a bounded Lipschitz domain and the material parameters «, p be uniformly positive definite, bounded,
and self-adjoint.)

@ I Anjam and D. Pauly. Functional a posteriori error control for conforming mixed approximations of coercive problems
with lower order terms, 2016 (accepted)

Reaction-diffusion: error equality

p=aVu inQ,

—divp+pu=f inQ, u—alf + |V (u—a)+1p—pl2, +|diV(P*f’)‘§71
u=0 onTIp, =|f—pi+divp?_, + |p—aVil>_,
p-n=0 onTy. e “

Complex valued “reaction-diffusion”: two-sided estimate
(i is the imaginary unit, w belongs to R \ {0})

p=aVu inQ, % (U‘ — iwpil + diViJl?‘w‘p),l +[p— acVitﬁq)

_leP+lUJPZ i{) IOIL?D Slu=aly, +[Va—w)+lp—pP +[divp-p)E,
p-n=0 onTy. < % ([f — iwpii + divﬁ\f‘ww,] +1p— aVﬂ\iq)

@ P Neittaanméki and S. Repin. Reliable methods for computer simulation. Error control and a posteriori estimates.
Elsevier, New York, 2004.

@ Z.Caiand S. Zhang. Flux recovery and a posteriori error estimators: Conforming elements for scalar elliptic equations.
SIAM J. Numer. Anal., 48(2): 578-602, 2010
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Summary: static problems

(Let Q) be a bounded Lipschitz domain and the material parameters «, p be uniformly positive definite, bounded,
and self-adjoint.)

@ L Anjam. Functional a posteriori error control for conforming mixed approximations of the
reaction-convection-diffusion equations, 2016 (arXiv:1601.05310)

Reaction-convection-diffusion: depending on the divergence of the convection vector b an error
estimate or two-sided bound is obtained. For example, if p — div b > 0, we have the error equality

p=aVu inQ, |t — 03y + 1V (= 2)[3
—divp+b-Vu+pu=f inQ, Hp =Pl 10V —a) —divip—p)P
#=0 onl =If —pit —b- Vi +divpP, +[p—aval,

@ And in this talk (joint work with D. Pauly)
Diffusion: two-sided estimate
_p=aVu inQ, If +divpl+ 3|p — aVal2_,
—divp=f inQ, < |V<u—u>\2+|p Py + |div(p—p)P

u=20 onIlp,
pon=0 on 1"5‘ (1+4C)[f+d1vp\2 +20p—avil,

@ S. Repin, S. Sauter, and A. Smolianski. Two-sided a posteriori error estimates for mixed formulations of elliptic
problems. SIAM J. Numer. Anal., 45(3): 928-945, 2007
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Notation and definitions

We extend the notation of the previous section:

We denote by Qp := Q x (0, T) the space-time domain, where (0, T) is a time-interval
with T > 0. Its mantle boundary is denoted by I't := 9Q x (0, T).

(',')QTZZ/OT(u')th and | lay =+/(-, oy

the inner product and norm for scalar or vector valued functions in L?(Qr).
We define the following Sobolev spaces

HY(Or) == {p € L}(Qr) | Vo € L2 (Or)},
HIA(Qr) = {p € HY(Q1) | 9 € L2(O1)},

W(Qr) == {g € H1(Qr) | Ag € L2(Or)},

D(Qr) == {y € L*(Qr) | divy € L*(Qr)},

where V, div, and A are spatial differential operators, and o; is the derivative with
respect to time. These are Hilbert spaces equipped with their respective graph norms.

Functions fanishing on the mantle boundary are denoted by

HY(Qr),  HE'(Qr),  and Wi (Qr).
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Time-dependent reaction-diffusion problem

Find the primal variable # € H"! (Q)7) and the dual variable p € D (Qr) such that

p=Vu in Qr,

o —divp+u=f in Qr,
u=20 onlr,
u(-,0) = ug inQ),

where f = f(x,t) € L2(Qr) and the initial value uy = uo(x) € L2(QQ).
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Time-dependent reaction-diffusion problem

Find the primal variable # € H"! (Q)7) and the dual variable p € D (Qr) such that

p=Vu in Qr,

o —divp+u=f in Qr,
u=20 onlr,
u(-,0) = ug inQ),

where f = f(x,t) € L2(Qr) and the initial value uy = uo(x) € L2(QQ).
Let (@1,p) € H%Tl(QT) x D(Qr) be arbitrary. Then

If — i+ divp — il + [p— Vitff,,
= u—ii+div(p—p) +0r(u— 1) [a, + P —p+ V(u—)a,
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Time-dependent reaction-diffusion problem

Find the primal variable # € H"! (Q)7) and the dual variable p € D (Qr) such that

p=Vu in Qr,

o —divp+u=f in Qr,
u=20 onlr,
u(-,0) = ug inQ),

where f = f(x,t) € L2(Qr) and the initial value uy = uo(x) € L2(QQ).
Let (@1,p) € H%Tl(QT) x D(Qr) be arbitrary. Then

If — i+ divp — il + [p— Vitff,,
= u—ii+div(p—p) +0r(u— 1) [a, + P —p+ V(u—)a,
= |u—afd, + [div(p—p) + 3 (u— 1) [3,
+2(u — @i, div(p — p))a, +2(u — 1,9 (u — 1)) o
+1p—pla, + IVu—a)[d, +2(p —p, V(u—)o,
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Time-dependent reaction-diffusion problem

Find the primal variable # € H"! (Q)7) and the dual variable p € D (Qr) such that

p=Vu in Qr,

o —divp+u=f in Qr,
u=20 onlr,
u(-,0) = ug inQ),

where f = f(x,t) € L2(Qr) and the initial value uy = uo(x) € L2(QQ).
Let (@1,p) € H%Tl(QT) x D(Qr) be arbitrary. Then

If — i+ divp — il + [p— Vitff,,
= u—ii+div(p—p) +0r(u— 1) [a, + P —p+ V(u—)a,
= |u—afd, + [div(p—p) + 3 (u— 1) [3,

+ 2(u = Tvr=p] o, +2(u — 7,04 (u — 1))y
+1p = pldy, + |V (= D[, + 27 = =10,

For any ¢ € L2(Qr), for which 8;¢ € L2(Qr), we have

@o.9i0r = [ [[avgatar=1 [ (1ge TP~ o 0)R) ax = 1 (IoC. T ~ o, 03).
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Time-dependent reaction-diffusion problem

Find the primal variable # € H"! (Q)7) and the dual variable p € D (Qr) such that

p=Vu in Qr,

o —divp+u=f in Qr,
u=20 onlr,
u(-,0) = ug inQ),

where f = f(x,t) € L2(Qr) and the initial value uy = uo(x) € L2(QQ).
Let (@1,p) € H%Tl(QT) x D(Qr) be arbitrary. Then

If — i+ divp — oty + [p — Vit
= [u—i+div(p—p) + 3 (u—)[g, +p—p+Vu-)p,
= [u—afd, + [div(p—p) + 3 (u— 1) [3,

+ 2{uTibr= ], + |~ 1), DA~ (=D,
+1p = plh, + V(= 1), + 2F=pHe=TT]0,

For any ¢ € L2(Qr), for which 8;¢ € L2(Qr), we have

@o.9i0r = [ [[avgatar=1 [ (1ge TP~ o 0)R) ax = 1 (IoC. T ~ o, 03).
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Time-dependent reaction-diffusion problem

Find the primal variable # € H"! (Q)7) and the dual variable p € D (Qr) such that

p=Vu in Qr,

o —divp+u=f in Qr,
u=20 onlr,
u(-,0) = ug inQ),

where f = f(x,t) € L2(Qr) and the initial value uy = uo(x) € L2(QQ).
Let (@1,p) € H%Tl(QT) x D(Qr) be arbitrary. Then

lu =0, + P —Plo, +1div(p —p) + 0 (u -0, +|(u—0)(, D)
= |f — i+ divp — ity + |p — Vitlgy, + [uo — (-, 0)[3
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Time-dependent reaction-diffusion problem

Find the primal variable # € H"! (Q)7) and the dual variable p € D (Qr) such that
p=Vu in Qr,

ou—divp+u=f in Qr,
u=20 onlr,
u(-,0) =u in Q,

where f = f(x,t) € L2(Qr) and the initial value ug = uo(x) € L2(QQ).
Let (@,p) € H}Tl(QT) x D(Qr) be arbitrary. Then

|u — uIHm ot Ip = pla, + 1 div(p—p) + 3 (u — @) [3, + [(u— @) (-, TG
= [f —it+divp —ditlgy, + |p— Vitlg, + [uo — (-, 0)[3

Letug € H'(Q) and i € Wr, (Qr) be arbitrary. Then we can set p = Vii above, and
obtain
=00 V=)o, + A0 —u) + 0 (u— 1) [{, + (=) (, T

= |f — i+ At — 9ty + |uo — (-, 0)[3)

W(Qr) = {9 e H'(Qr) | B9 € L2(Qr)}

Ve EW(Qr) |- Ap+aglhy = 80%, + 100l + Vel TIg — V(-0
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Time-dependent reaction-diffusion problem

Find the primal variable # € H"! (Q)7) and the dual variable p € D (Qr) such that

p=Vu in Qr,

o —divp+u=f in Qr,
u=20 onlr,
u(-,0) = ug inQ),

where f = f(x,t) € L2(Qr) and the initial value uy = uo(x) € L2(QQ).
Let (@1,p) € H%Tl(QT) x D(Qr) be arbitrary. Then

lu =0, + P —Plo, +1div(p —p) + 0 (u -0, +|(u—0)(, D)
= |f — i+ divp — ity + |p — Vitlgy, + [uo — (-, 0)[3

Let up € H'(Q) and # € W, (Qr) be arbitrary. Then we can set § = Vil above, and
obtain

fu — “|H11 onp T IV (u— ﬂ)'%)(QT) +[(u—a)(,T) |2_|1(Q)

=|f—i+Ai— a,ﬂ\éT + |ug —i(+,0) ,2_|1(Q)
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Heat equation

Find the primal variable # € H"! (Q)7) and the dual variable p € D (Qr) such that

p=Vu in Qr,

opu—divp =f in Qr,
u=20 onTlr,
u(-,0) = u inQ),

where f = f(x,t) € L2(Qr) and the initial value ug = uo(x) € L2(QQ).
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Heat equation

Find the primal variable # € H"! (Q)7) and the dual variable p € D (Qr) such that

p= Vu in QT,
opu—divp+u=f+u in Qr,
u=20 onTlr,

u(-,0) = ugy inQ),

where f = f(x,t) € L2(Qr) and the initial value ug = uo(x) € L2(QQ).
Let (@1,p) € H%Tl(QT) x D(Qr) be arbitrary. Then

lu =0, + P —Pla, +1div(p —p) + 0w — D), +|(u—0)(, D
:[f+u—u+d1vp—8tu\QT+|;§—Vﬂ|(2)T+\uo—ﬂ(-,O)\é
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Heat equation

Find the primal variable # € H"! (Q)7) and the dual variable p € D (Qr) such that

p= Vu in QT,
opu—divp+u=f+u in Qr,
u=20 onTlr,

u(-,0) = ugy inQ),

where f = f(x,t) € L2(Qr) and the initial value ug = uo(x) € L2(QQ).
Let (@1,p) € H%Tl(QT) x D(Qr) be arbitrary. Then

o _ 1. _
[f +divp —aifey, + 5 |p — Vil
< V(= m)[dy, + lp = ploy, + [ div(p —p) + 0, (u = m)[fy, + [ (u =) (-, T,
< (1+4CE) If +divp — drifh, +2 (Ip — Vald, + uo — (-, 0)[3)
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Heat equation

Find the primal variable # € H"! (Q)7) and the dual variable p € D (Qr) such that

p=Vu in Qr,
ou—divp+u=f+u in Qr,
u=20 onIr,
u(-,0) =up inQ,
where f = f(x,t) € L2(Qr) and the initial value uy = uo(x) € L2(QQ).

Let (i,p) € H%Tl(QT) x D(Qr) be arbitrary. Then
- _ 1. -
[f +divp — ey, + 5 |p = Vil
< V(= m)[dy, + p = pléy, + [div(p —p) + 0, (u = w)[7y, + [(u =) (-, T,
< (1+4C}) If + divp — duafd, +2 (1p — Vilh, + luo — (-, 0) )
Let up € H'(Q) and & € Wr, (Qr) be arbitrary. Then

0 (1 = @)y, + (A = @) [{y, + [V (=) (, T
= f + 80— oy, + |V (uo — (-,0)) [

W(Qr) = {g e H'1(Qr) | g € L2(Qr)}
Ve eW(r) | =g+l =80lh, +10ielh, +IVe(. T — V(.03
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Summary: time-dependent problems

@ This talk (joint work with D. Pauly)
Time-dependent reaction-diffusion: error equality
p=Vu inQr, [u =, +1p—Pla
T _ in O T W) T
Wu—divptu=f mlm Hdiv(p—p) 43— ) + (- 1) TR
u(-,0)=uy inQ =V—ﬁ+divﬁ—afﬂ\nT+\ﬁ—Vﬁ\?]T+\ug—ﬂ(~,O)\f]
Heat equation: two-sided estimate (and error equality)

If +divp —attlpy, + 31p — Vily,

p=Vu inQr SIV@u-m)lg, +1p - pla,
u—divp=f  inQr, Hdiv(p —p) + 3 (u— ), + =) )
u=20 onIlr,

< (1+4CE) If +divp — o,

u(-,0) =ug in Q)
+2 (|p = Vil + luo — (-, 0) )
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Thank You for your attention!



