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Abstract. The formation of oblique rolls in nematic liquid
crystals driven by dichotomous stochastic fields is investi-
gated in the frame of a one-dimensional linear theory
including the flexoeffect, and in the frame of a three-
dimensional linear theory with free boundary conditions.
In the first model the threshold for the stability of the first
moments is calculated and the angle of the oblique rolls is
determined by mode selection. It is shown that in certain
parameter ranges oblique rolls have lower thresholds than
normal rolls. As for deterministic excitation, with increas-
ing flexoeffect the formation of oblique rolls is favoured. It
is observed that at full strength the flexoeffect alone is able
to trigger the formation of rolls. In the three-dimensional
model the threshold for the stability of the first moments is
calculated again and the two wave numbers which give
the angle of the oblique rolls are determined by mode
selection. The appearance of oblique rolls is studied for
different parameters of the driving stochastic field. The
results are compared with those of the one-dimensional
model without the flexoeffect.

PACS: 02.50. —r; 05.40. + j; 47.20. — k; 47.65. + a

1. Introduction

Electrohydrodynamic instabilities in nematic liquid crys-
tals have recently been studied both experimentally and
theoretically for deterministic as well as for stochastic
excitation [ 1-16]. For the superposition of a constant and
a dichotomous stochastic field [14-16] a linear analysis
testing the stability against normal rolls can qualitatively
explain (i) the discontinuous behaviour of the threshold
above a critical strength of the noise, (ii) the change from
discontinuous to continuous behaviour of the threshold
with increasing correlation time of the noise, and (iii)
the change from stabilizing to destabilizing effect of the
noise if its correlation time becomes comparable to the
relaxation time of the space charge.

Quantitatively, however, the strength of the stochastic
voltage, above which the discontinuous behaviour occurs,
is about a factor three too large if one compares the
experimental data with the thresholds for the stability of
the first moments. Since we would restrict ourself to a lin-
ear theory to extend the benefits of a previous developed
method [15] the options for a better qualitative and
quantitative agreement between theory and experiment
are limited.

One option is to test the new patterns of oblique rolls
and rhombic cells in the context of stochastic excitation.
Oblique rolls have already been tested in deterministic
square wave [17] and sinusoidal excitation [12, 18-20].
Rhombic cells can be represented as a superposition of
oblique rolls with angles + ¢ and — 6. Since in a lin-
earized theory the superposition principle holds, oblique
rolls and rhombic cells have the same threshold. Only
a nonlinear theory could discriminate the two patterns.
We therefore use the term oblique rolls as a synonym for
both patterns. We test their stability against different
types of excitation in a one-dimensional and in a three-
dimensional linearized theory. In the three-dimensional
model the patterns were described by a general ansatz
which differs from the special ones used for three-dimen-
sional calculations in [12, 21]. A three-dimensional model
is advantageous since it allows the determination of two
wave numbers of the patterns by mode selection. In con-
trast, there is no mode selection for the wave numbers in
a one-dimensional model, and only one wave number can
be determined in such a way in a two-dimensional model.
For all our calculations we assume a supercritical bifurca-
tion for the first instability, to which we are limited due to
the linearized theory.

Alternatively the flexoeffect may be included in the
calculations of the thresholds [17, 19-24]. The flexoeffect
leads to a flexoelectric polarisation, Py, = e;A divid — esil
x rot#, induced by splay- or bend-distortions [25, 26]
of the liquid crystal (e; and e; are the flexoelectric
coefficients). Both, free energy density and displacement
are modified, F—>F — EP;;,, and D — D + 4nPy;,
which produces an additional term I'p; in the torque
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balance equation and a contribution to the charge density,
respectively.

The main aim of this paper is to consider these two new
aspects in electrohydrodynamic instabilities with multipli-
cative noise. Additionally we obtained new interesting
results for non-stochastic excitation, especially for DC
excitation which has become the focus of great interest
recently [27, 28].

The rest of the paper is organized as follows: In
Sect. 2 we present the linearized electrohydrodynamic
equations for the one-dimensional theory including
the flexoeffect. We calculate the thresholds for a
constant electric field (Subsect. 2.1) as a function of
both the anisotropy of the conductivity ¢,/o, and the
strength of the flexoeffect. In Subsect. 2.2 we analyze the
stability of the first moments for pure stochastic excita-
tion. Results are presented for a superposition of a con-
stant and a stochastic electric field (Subsect. 2.3) which
depend on the order of the correlation time of the noise
compared with the characteristic time of the system. In
Sect. 3 the full three-dimensional linear theory with free
boundary conditions neglecting the flexoeffect is for-
mulated. We calculate the thresholds for the three differ-
ent types of excitation: For a constant field (Subsect. 3.1),
for a pure stochastic field (Subsect. 3.2), and finally for
a superposition of both (Subsect. 3.3). In Sect. 4 we give
a conclusion and discuss the perspectives of nonlinear
models.

2. One-dimensional theory including the flexoeffect

We consider a quasi one-dimensional linear theory in-
cluding the flexoeffect [22—24] which tests the stability of
the homogeneous nematic state against the formation of
oblique rolls. In a sandwich cell of thickness d (we choose
100 um) the initially unperturbed director # is oriented
parallel to the electrode plates which lie in the xy-plane.
As shown in Fig. 1 the disturbed director 7 includes the
angle 9 with the xz-plane, and the angle ¢ with the
xy-plane. In the coordinate system &z rotated around the
z-axis by the angle 6 with respect to the xyz-system, the
variables are the charge density ¢, the angle & and
Y = 0:¢. These and the other internal quantities, the hy-
drodynamic velocity in z-direction v, and the electric field
in ¢-direction E;, depend on & and t, whereas the external
driving electric field E, depends on z and ¢. Throughout
this paper we consider E, as spatially homogeneous be-
tween the two electrodes.

The electrohydrodynamic equations for a nematic
liquid crystal are the torque balance equation (dynamic
equation for the director), the Navier-Stokes equation, the
Maxwell equation for the displacement, and the
continuity equation (see [29], equations (IL6), (IL9),
(IL,13), and (IL,19) or [30], equations (8, 14, 26, 29) ).
The resulting five non-trivial partial differential
equations for 6 >0 allow the substitution of 0,
and 0:E: (arising during the derivation) without any
approximation.

The linearized electrohydrodynamic equations de-
scribing the stability against an oblique roll pattern char-

acterized by a wave number k. and the angle J read
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The structure of (1-3) is equivalent to deterministic square
wave excitation (confer [17], equations (1-3)). 1/T), de-
pends on the square of the driving field E, as well as the
wave number k; and the angle o of the oblique rolls, as
given in Appendix A. The other coefficients depend on the
material constants of the nematic liquid crystal and 9,
where gy, b, and Ty depend additionally on k. (see appen-
dix A).

A recent review of the experimental measurements of
the flexoelectric coefficients discussed the errors for the
values of (e; — e3) and (e; + e3) ([31] and references there-
in). We therefore introduce two scaling factors which both
take either the value zero (no flexoeffect) or values accord-
ing to the estimated errors of 10% for (e; — e3) [31] and of
30% for (e; + e3) [32]. A— € {0;[0.9, 1.1]} scales the stan-
dard value (e; —e;)=4-10"'>Cm~' [33] and
4+ €{0;[0.7,1.3]} scales the standard value (e; + e3) =

—2.3:10"'2Cm ™! [32], respectively.

The homogeneous state becomes unstable if the linear
solutions of equations (1-3) grow exponentially. This de-
fines a threshold of the driving field which depends on
material constants and on test mode parameters. Usually
the structure which gives the minimal threshold is se-
lected. In one-dimensional theories however, one sets
ke = m/d [14-16, 29, 30]. (Since the threshold is propor-
tional to k. the selected wavelength would tend toward
infinity, in contrast to experience.) Only the oblique roll
angle ¢ is determined by mode selection.

For excitation with a stochastic electric field, E, =
E, + EPM? where EPM? is a dichotomous Markovian
process jumping with mean frequency o between + E, one
can derive closed equations describing the stability of
moments [ 14-16]. To investigate the stability of the first
moments we write (1-3) in matrix form, z + (A + BEPMF)
7z =0, where z = [q, ¥, 9]".

For such a form, where A and B are constant matrices,
one obtains [ 15] using the Shapiro-Loginov theorem [34]

(¢apirs) =€ = (s a+20)
(d/dt+0O) | . ]=0,C=( )
CET ) E*B A +2a1

In our case, A and B are 3 x 3 matrices, where A;; = 1/T,
Ay, =ogE;, Az = qlq/Tq, Ay =aE;, Ay, =4, — 4,

(E3 + E?, A,3=bE,, Aj = e/,  Aszy=ey/v1,
A33 = I/Tm B11:B13 :B31:B33:09 BIZZO-Hs
B,y =a, By, = —24,E;, By3=5b, B3, =¢y/y;. For

Ay and A, see Appendix A. {--- > denotes the average of
the enclosed expression over all possible realizations of
the stochastic process.



2.1. Constant field

Recent experiments have confirmed that nematic liquid
crystals under DC excitation show a rich spectrum of
patterns similar to those obtained for deterministic
sinusoidal or stochastic excitation. Grid patterns (called
hexagonal patterns) have been observed above a first
threshold for the DC field [35, 36]. Beyond a second
threshold the hexagonal convective structure starts to
oscillate in coherent domains [35, 36]. Other types of
domain oscillations, which are self-organized in space as
concentric or spiral phase waves, were also found [27, 28].
The transition to turbulence has also been investigated
experimentally [28].

These experiments have provided the motivation for
consideration of the case of a constant driving field,
E, = E; = const. We determine the thresholds for the
appearance of both normal and oblique rolls for a wide
range of the anisotropic conductivity ¢,/o, and for differ-
ent strengths of the flexoeffect.

The eigenvalues 4 of the system (1-3) are determined
by a cubic equation, ¥} a,4" = 0. The Hurwitz criterion
yields that a, = 0 gives the neutral curve E3(J) for a sta-
tionary bifurcation. Below this curve Re{1} < 0 holds for
all eigenvalues A, whereas above at least one eigenvalue
exists with a real part greater than zero. Minimizing
E? with respect to § gives the threshold

E% —inf Aq(eqqsT g — V1)
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Fig. 1. Illustration of the coordinate systems and angles used

0 =50.8° at g|/o, = 1.4. For smaller values of ¢,/c, the
angle ¢ increases monotonically and ends with § = 56.6°
at oy/c, =1 (graph (a) in Fig. 2) . For ¢|/o, = 1.5 the
critical voltage is U; ~1.72V and ¢ = 51.0° in agreement
with [21].

In three-dimensional calculations with “fully rigid”
boundary conditions a divergent behaviour of the thre-

see Fig. 2. All thresholds increase with decreasing value of
o, /o . The threshold for normal rolls (6 = 0) is not affected
by the flexoeffect since all flexoelectric terms couple to
sin J (confer Appendix A) and, therefore, vanish for 6 = 0.
For A =24 =214, =0 (no flexoeffect) oblique rolls
have a lower threshold than normal rolls below a critical
anisotropic conductivity o/, ~1.14. Above this value
the threshold for normal rolls shows the known divergent
behaviour for ¢;/6, — 1 [37]. Following the meaning in
[19] we call such a critical point for the oblique-normal
rolls transition Lifshitz point. The corresponding -+ -
branch of the pitchfork bifurcation for 1, ,_ = 0 is shown
by the lower picture in Fig. 2.

When the flexoeffect is included the appearence of the
patterns changes significantly. Oblique rolls have now
a lower threshold than normal rolls for all /o, > 1 (see
graphs (a)-(e) in Fig. 2) . Therefore there is no oblique-
normal rolls transition for decreasing anisotropy in the
conductivity; oblique rolls are favoured by the flexoeffect.
A remarkable consequence of the flexoeffect is a finite
threshold for oblique rolls even for isotropic conductivity
o)/o, = 1. These features are not affected qualitatively,
and only slightly quantitatively, by an error-based vari-
ation for the values of (e; + e3) and (e; — e3) (see graphs
(b)-(e) in Fig. 2) .

Using the standard values for the material parameters
of MBBA [19] and 4, =A_ = A,,_ =1 the angle 6 de-
creases from 6 = 52.4° at ¢)/6, =2 to its minimum of

o aleyqoTy—71Teon) — bTe(ey — e,Tyon) + Az(egqsTs— 1)

)

shold for /o, — 1 is reported [21], but a finite threshold
at o)/c, = 1is mentioned, too [19]. We find a finite result
in our quasi one-dimensional model and now investigate
the underlying mechanism in more detail.

For o//c, =1 the instability is triggered by the
flexoelectric charge density

grr = divPp, = — Aysind cosd(e; + e3) k29, (6)

which plays a role similar to the space charge density in
the Carr-Helfrich mechanism for ¢/6, = 1. The »- and
z-components of the torque balance equation for isotropic
conductivity and isotropy in the dielectric constants
(e)/eL = 1) are

%COS 5('))1 — '}72) 6502 + i_(el — 83) sin & @5\9E1
= — (K33 00825 + K22 Sinzé)agé(p, (7)
J_(ey — e3) sind 0z Ey = (K33c08*5 + Ky5in?3) 0::9. (8)

At the threshold the destabilizing viscous and flexoelectric
torque (left-hand side) equals the stabilizing elastic torque
(right-hand side). The lowering of the threshold is plaus-
ible since the destabilizing flexoelectric torque increases
with siné (provided (e; — e3) # 0) and dominates the
stabilizing elastic torque, which increases with sin?é.
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Exploiting the z-component of the Navier-Stokes equa-

tion we eliminate d;v, and obtain

kZ(K33c08%6 + Ky 8in?0) (K33 cos?d + K, sind)

which reproduces the previous result (5) for
o)/o, = ¢ /e; = 1. Beyond this threshold the destabilizing

©)

torque dominates, small director fluctuations are ampli-

For pure stochastic excitation, E, = EPM®_ the character-
istic equation which determines the eigenvalues 4 of — C
given by (4) is a product of two cubic equations
P (7)-P@(J) = 0. As before a*? = 0 give two neutral

A
E1(0) = [Tyl Ty + 2271 — eyg)

+ 71(20T, + 1)], (10)

where N = ¢, Ty[b(20T, + 1) — aqy] + Ty[ A, (4a*y, T,
+ 201 — e,qy) + Tyou(Raony, — bey)] + y1[A2(20T, + 1)

(egqsT g — 1) ot + Ay)
aleyqsTy — 1 Tqom) — bTg(ey — e, T 0m) + Axe,qsTs — 71)

(11)

The threshold E* = min [inf;E; {(d), infs E; 5(6)] and the
corresponding angle ¢ of the oblique rolls are shown in
Fig. 3 as functions of the mean frequency « for A,,- =0
and 1. The critical frequency «, separating “conductive”
and “dielectric” regimes is defined by inf;E7 ((5) =

The gross behaviour of the threshold is similar to that
obtained for deterministic square wave excitation [17, Fig.
1] and for deterministic sinusoidal excitation [19, Fig. 3;
20, Fig. 1]. Practically independent from the strength of
flexoeffect we find for o < «; oblique rolls and for
op <o < oc normal rolls (¢ is the Lifshitz frequency
indicating the oblique-normal rolls transition). For o > o,
and ,,- =1 we find again oblique rolls. (In the range

E7 = inf; — ,
' g _& _ 1 ’ sin?d[A_(ey — e3) — (y1 — 72) c0s*02 (1 + €3)/(2n1)]A—(ey — e3)
g, &
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|
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Fig. 2. Excitation with constant field. DC thresholds and oblique
rolls angle ¢ against the anisotropy of the conductivity /g, for
normal rolls (dashed line) and oblique rolls (solid line) at various
strengths of the flexoeffect. Without flexoelectric effect (1,,- = 0)
the Lifshitz point (e) of the oblique-normal transition occurs at
o/c,~1.14. The behaviour of the threshold for the standard
strength of the flexoeffect (1., = 1) is shown in graph a. An error-
based variation of the strength does not cause any qualitative
changes as the graphs b (1, =0.7, A_ =09),c (1, =0.7, A_ = 1.1),
d(ly =13,2_=09), and e (A, = 1.3, A_ = 1.1) show. Material
parameters were taken from [21]

from o = 5-10*s ™! ... 10*s™! the angle J of the oblique
rolls decreases by only 8.7-10 % deg.)

In the experiment, hitherto, oblique rolls have been
observed only for deterministic (sinusoidal) excitation
in the conductive regime [9]. We therefore propose
a careful inspection of the first pattern against which
the homogeneous state becomes unstable for pure
stochastic excitation.

2.3. Superposition

For the superposition of a constant and a stochastic field,
E, = E, + EPM? | the eigenvalues of — C given by (4) are
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Fig. 3. Pure stochastic excitation. Thresholds for normal rolls and
oblique rolls (dashed and solid lines, respectively) and characteristic
angle o of the oblique rolls for different strengths of the flexoeffect
against mean frequency o. Without flexoeffect, oblique rolls appear
only for small o.. In this region (with the exception of very small o, see
also insertion) the threshold curves and Lifshitz points (e) practically
coincide for 4, ,- = 0 and 1. Material parameters were taken from
[21] and 6, = 1.5-107"°Q 'em ™!

determined by a sixth order equation. The Hurwitz cri-
terion shows that a, =0 determines the neutral curve
E3(E?, §).

The behaviour of the threshold E} = inf;E3(E?, §) de-
pends on the order of the correlation time of the noise,
Tsoch = 1/20, compared with the relaxation time of the
space charge T,.

For 1.~ T, the stochastic field always destabilizes
the homogeneous state. For 7., < T, the stochastic field
stabilizes the homogeneous state as long as its magnitude
is not too large. The effect of such a (“fast”) stochastic field
changes from stabilizing to destabilizing if the field is
strong enough. The behaviour of the threshold for E; can
be smooth or discontinuous. Above a critical strength of
the stochastic field the threshold condition may have two
solutions for the deterministic field. In this case the thre-
shold curve appears discontinuous if first the stochastic
field is applied and then the deterministic field is increased
until the structure is established. This general behaviour
found in previous work testing the stability only against
normal rolls [14-16] remains true if we allow the forma-
tion of oblique rolls. Some new aspects are now discussed
in detail, see Figs. 4 and 5.

For t4m~T, we consider two parameter settings
with different magnitudes of o, but /0, = const. For
small ¢ and for stochastic voltages below a Lifshitz point
(Fig. 4a) oblique rolls have the lower threshold, whereas
for larger o, the oblique rolls always have the lowest
threshold (Fig. 4b). When reaching the Lifshitz point the
angle 0 of the oblique rolls tends to zero as expected.
Oblique rolls are again favoured by the flexoeffect.

For tyoen € T, and A,,- =0 oblique rolls have only
a lower threshold for stochastic voltages below the Lif-
shitz point . The difference between the thresholds for
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Fig. 4a,b. Superposition of constant and stochastic field at
o = 10%s~! where the noise is always destabilizing. Thresholds for
normal rolls and oblique rolls are shown as the dashed and solid
lines, respectively and oblique rolls angle J for different strengths of
the flexoeffect against stochastic voltage. @ denotes the Lifshitz
points. Material parameters were taken from [21] with
0,=60-10""Q 'em 'aand g, = 1.5-107°Q " 'em "' b
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Fig. 5. Superposition of constant and stochastic field at oo = 103s 1.
Thresholds for normal rolls and oblique rolls are shown as the
dashed and solid lines, respectively and oblique rolls angle ¢ for
different strengths of the flexoeffect against stochastic voltage. @ de-
notes the Lifshitz points. Material parameters were taken from [22]
with ¢, =6.0-107"'Q " 'em ™!

normal and oblique rolls is, however, very small,
AU;~0.005 V. For strong flexoeffect, 1,,— = 1, oblique
rolls always give the lowest threshold. In Fig. 5 we have
chosen a parameter setting which leads to a discontinuous
behaviour of the normal rolls threshold in the absence of
the flexoeffect. A detailed investigation of the o /o ,—¢/¢,-
plane shows that the discontinuous behaviour can be
considered as typical [38]. Changing sligthly only the
anisotropy of the dielectric constants from ¢ /e, = 0.9 to
~(.874 in the material parameters of [22], the threshold
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for oblique rolls exhibits a discontinuous behaviour for
the standard values of (e; + e3) and (e; — e3), too.

3. Three-dimensional theory

We consider a three-dimensional linear theory which
allows the stability of the homogeneous nematic state to
be tested against normal rolls as well as oblique rolls, and
to determine two wave numbers by mode selection. Thus
the influence of fixing a wave number, as in the one-
dimensional model, can be estimated. The thresholds were
calculated for all three types of excitation to realize a com-
plete comparision with the results of the one-dimensional
model without the flexoeffect. Oblique rolls are character-
ized by two wave numbers, k, and k,, whereas the normal
rolls are described by only one wave number k, (k, = 0).
The disturbed director # includes the angle ¢ with the
xy-plane and the angle 9 with the xz-plane (see Fig. 1). In
the coordinate system xyz the variables are the charge
density ¢, and the angles ¢ and 4.

We start with the same set of electrohydrodynamic
equations for a nematic liquid crystal as in the one-dimen-
sional description (confer Chap. 2, second paragraph). To
simplify the calculations we use unrealistic “fully free”
(torque- and stress-free) boundary conditions [12]

0,9=0.0,=0,=0 for z= +d/2, (12)

where v; (i=x, y, z) is the i-component of the hy-
drodynamic velocity for the moving fluid. From experi-
ence with deterministic excitation (confer [12], Fig. 3) one
expects only a small quantitative change for realistic
boundary conditions. From the geometric constraints we
see that

z= +d)2. (13)

We further exploit incompressibility

v,=¢@ =0 for

dive =0, (14)
and assume
rotE=0. (15)

We insert into the full set of hydrodynamic equations
a test mode describing an oblique roll with wave numbers
(ky, ky) which satisfies (12-15). The ansatz for the variables
q, ¢, and 9, the induced electric field E, the hydrodynamic
velocity v, and the pressure p reads

q(x, y,z,t) = q(t) sin(kyx + k,y)cos k. z, (106)
@(x,, 2z, 1) = @(t) cos(kyx + kyy)cosk.z, 17)
H(x, v, z, 1) = J(t) sin (kox + kyy)sink,z, (18)
E.(x,y,zt) = Eind(t) cos(kyx + kyy)cosk,z, (19)
k, ~
E\(x,y,z,0) = k—y Eina(t)cos (kyx + kyy)cosk.z, (20)
k, ~ . .
Ez(xa Y, Z, t) = - k_ Eind(t) sin (kxX + ky)’) s kzza (21)

1
ve(x, 9,2, t) = k—[ﬁy(t) k, — 0.(t)k. cos(kyx + k,y) sink,z,

(22)
v,(x, y,z, ) = — 0,(t) cos (kx + k,y) sink,z, (23)
v.(x, Y, z, t) = U,(t)sin (k,x + k,y)cosk,z, (24)
p(x, y,z,t) = p(t) sin(k.x + k,y)sink,z. (25)

v, and E. are choosen such that the conditions (14) and
(15) are fulfilled. An oblique roll with (k,, — k,) gives the
same threshold. A superposition of rolls with (k,, k,) and
(ky, — k,) can be considered as an ansatz for a rhombic
cell (see Appendix B). As before we use oblique rolls as
a synonym for both patterns. The chosen ansatz is more
general in the z-dependence of the quantities than those in
[12,21]. This general form prevents the inclusion of the
flexoeffect in our three-dimensional calculations in a way
which ends with coupled ordinary differential equations
as in the case of the one-dimensional model (see equations
(1-3)). Therefore we compare only the three-dimensional
results and the one-dimensional results without the flexo-
effect.

From the continuity equation, ¢ + divj = 0, one ob-
tains with (16, 17, 19-21) a linearized differential equation
for ¢ where E;,q4(t) is eliminated with the help of Maxwell’s
equation divD = 4nq. Inserting equations (17, 18, 22-25)
the x-, y-, and z-components of the Navier-Stokes equa-
tion represent a linear inhomogeneous system for p(z),
,(t), and 0.(t) . The resulting terms for ,(t) , 0.(¢) , and
E;q(t) (from Maxwell’s equation), substituted in the y- and
z-component of the torque balance equation, yield a linear
inhomogeneous system of equations for ¢ and 3

The linearized electrohydrodynamic equations in 3 di-
mensions describing the stability against 3-dimensional
structures formed by normal or oblique rolls read (from
now tildes are omitted)

1

q. + = q + O-HkxEt(p = 09 (26)
T‘]

. 1

o+abqg+—¢+b3=0, 27)

T‘P
. 1
94+ cEq +do + ?9 =0. (28)
9

1/T, depends on the square of the driving field E, as well
as on the wave numbers k,, k,, and k., as given in Appen-
dix C. The other coefficients (see Appendix C) contain
material constants and depend on the characteristic para-
meters k,, k,, and k., of the test mode. The boundary
conditions (12, 13) are fulfilled by k, = 2n + 1) n/d,n = 0,
1, ... . Since n = 0 leads to the lowest threshold we choose
k. = n/d. The wave numbers k, and k, are determined
numerically. The oblique rolls include the angle 6 = arc-
tan(k,/k,) with the y-axis.

For the derivation of (26-28) we have neglected the
diffusion currents. This is allowed as long as (k/T,D)* < 1
holds [29] which we checked numerically for all para-
meter sets used (D is the diffusion constant of the liquid
crystal and k the wave number perpendicular to the re-
spective roll pattern).
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To investigate the stability of the first moments ac-
cording to (4) we write (26-28) in matrix form,
7+ (A + BEPP)z = 0, with z = [¢, ¢, 9]". Here, A and
B are constant 3x3 matrices, where A;; =1/T,,
A, =opgkiEq, Ai3=0,Ay = ak;y, Ay =4, -4,
(ET + E?), Ays = b, Ayy = cEy, Ay = A3 + A4(ET + E?),
As3=1/Ty, B;; =0, By, =0gk,, Bi3=0, By;=aq,
By, = —24;E;, By3=0, Bi;=c¢, B3 =244E,,
B33 =0. For Ay, A,, A3, and A4 see Appendix C.

3.1. Constant field

We first consider the case of a constant driving field,
E,= E{ =const, and determine the threshold for
the appearance of both normal and oblique rolls
for different strengths of the anisotropy of conductivity
o)/o,.

The eigenvalues /4 of the system (26-28) are determined
by a cubic equation, ¥ >_a,4" = 0. The Hurwitz criterion
shows that the neutral surface over the k,-k,-plane
E3(ky, k,) is given by a, = 0, the condition for a stationary
bifurcation. The global minimum of the surface gives the
threshold

Ei = kil,llfy ak oy Ty — bTy[ck Tyon — Asl + Az~

(29)

see Fig. 6.

The thresholds for normal and oblique rolls increase
with decreasing anisotropy of conductivity. For stronger
anisotropy oblique rolls are favoured and the correspond-
ing angle 6 increases monotonically for ¢/, beyond the
Lifshitz point. For the same parameters, the distance
between oblique rolls is smaller than between normal
rolls, as a comparison of k, with k, (wave number perpen-
dicular to the oblique rolls) shows. This is observed for all
three kinds of excitation. At the Lifshitz point (6 —» + 0)
k, becomes equal to k, (see Fig. 6c), i.e. there is a change
from the homogeneous state-oblique rolls transition to
the homogeneous state-normal rolls transition.

3.2. Pure stochastic excitation

For pure stochastic excitation, E, = EPM? the character-
istic equation determining the eigenvalues of — C separ-
ates into a product of two cubic equations
PY(J)- PA () = 0. As before a*? = 0 gives two neutral
surfaces,

E7 1(ky ky) =

E& Z(kx> ky)

ZOCTq(Az — A4bT‘9) + akquO'H — kbeTngO'H + A2 — A4bT9’

40{2T9 =+ ZOC(AlTlg + 1) —+ /11 — A3le9

- ZO(Tg(akquGH =+ Az) =+ ClkquO'H — kbeTngaH =+ A2 + A4bT‘9 )

(31
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Fig. 7a,b. Pure stochastic excitation with dichotomous noise of
different mean frequencies «. In a thresholds for normal rolls and
oblique rolls (dashed and solid line, respectively) and the oblique
rolls angle ¢ (insertion) are shown. Oblique rolls appear only for
small o; the oblique rolls angle J decreases monotonically with
increasing o In b the wave numbers k., k, (solid lines), and k, (dotted
line) for oblique rolls and k, for normal rolls (dashed line) are given.
The insertion shows the behaviour for small .. The wave number for
normal rolls k, increases drastically at the transition frequency from
“conductive” to “dielectric” regime. @ denotes the Lifshitz point.
Material parameters were taken from [21] with exception of
o /o, = 3.0 where 0, =6.0-10"1Q 'em ™!

The threshold E* = min [inf, ., E7 1(ky, ky), inf,_ . Ex >
(ky, k)], the selected angle 6, and the wave numbers k,, k,,
and k, are shown in Fig. 7 as functions of the mean
frequency . The critical frequency o, separating “conduc-
tive” and “dielectric” regimes is defined by
inka,kyEr%, 1 (kx7 ky) = inka,ky Er%,Z(kxv ky)

For small o the behaviour of the threshold is similar
(slowly increasing linearly) to that for deterministic
sinusoidal excitation (confer [12], Fig. 3). Oblique rolls
are favoured for noise frequencies smaller than the Lifshitz
frequency. The difference to the threshold for normal rolls
is smaller than in the one-dimensional model caused by
k.-wave numbers which are larger than 7n/d. For instance
for «=07s"" the  difference  drops  from
AU e —daim. = 382 mV to AU yrec—aim. = 108 mV. Higher
k.-wave numbers also yield higher thresholds in the
“dielectric” regime with a difference of about 4V to
the one-dimensional threshold. At «. the wave number
for normal rolls k, increases drastically as in the

two-dimensionl theory for pure stochastic excitation [16,
Fig. 4] and there is a similiar behaviour for deterministic
sinusoidal excitation [19, Fig. 3].

3.3. Superposition

For the superposition of a constant and a stochastic field,
E, = E, + EPM? the eigenvalues of — C are determined
by a sixth order equation. The Hurwitz criterion shows
again that a, = 0 gives the neutral surface E{(E? ki, k,).
The threshold Ef =infy_, Ef(E* ki, k,) behaves in
a characteristic way depending on the order of the correla-
tion time of the noise 74, compared with the character-
istic time T ,.

For t4,n® T, oblique rolls always have the lowest
threshold below the Lifshitz point (Fig. 8a) which exists
for all parameter settings used. For increasing strength of
the stochastic voltage the oblique rolls angle ¢ decreases
monotonically and becomes zero at the Lifshitz point
(Fig. 8b).

For 7y, € T, we have chosen a parameter setting
which leads to a discontinuous behaviour of the threshold
for normal rolls. Oblique rolls have a lower threshold for
stochastic voltages below the Lifshitz point (Fig. 9a). The
difference between the thresholds for normal and oblique
rolls is very small, AU < 0.06 V. In contrast to the one-
dimensional model (see Fig. 5) the selected angle J reaches
a maximum for increasing strength of stochastic field, and
then tends to zero (Fig. 9b).

4. Concluding remarks

We found that in the frame of a quasi one-dimensional
theory, for a certain parameter range of the stochastic
field, oblique rolls have a lower threshold than normal
rolls. The flexoeffect favours the formation of oblique
rolls. There are, however, no experimental reports about
oblique rolls for stochastically driven nematics [1-7].

The 3-dimensional theory predicts the appearance of
oblique rolls for a certain parameter range of the driving
field, as well. In addition it is found that the roll cell
pattern becomes narrower both with increasing strength
of the stochastic field and with increasing mean frequency
o, as found for normal rolls in a two-dimensional theory
[16].

For stochastically driven systems there exist different
stability criteria: the bifurcation of the most probable value
[39], the stability of the first and higher moments [40] or
the sample stability [41]. It is not clear a priori which
criterion best applies to the experimental measurements.
We have addressed this problem in other publications [ 16,
42] and it turns out that the different stability criteria give
similar results if the characteristic times of the system and
the noise are well separated. According to this result we
chose the stability criterion of the first moments since it is
much less laborious and reflects sufficiently the behaviour
of the threshold for the homogeneous nematic state.

To achieve a description of other experimentally ob-
served noise induced phenomena, such as the alteration of
the bifurcation sequence and a noise induced hysteresis it
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Fig. 8a—c. Superposition of constant and stochastic field at
o = 10%s~! where the noise is always destabilizing. Thresholds and
oblique rolls angle are shown in a and b. Wave numbers k,, k, (solid
lines), and k, (dotted line) for oblique rolls and k, for normal rolls
(dashed line) are plotted in ¢. For small stochastic fields the oblique
rolls (solid line) are favoured which merge at the Lifshitz point (e)
into the normal rolls (dashed line). Material parameters were taken
from [22] with exception of o/o, =3.0 where o, =6.0-10""!
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Fig. 9a—c. Superposition of constant and stochastic field at
o = 103s~ L. Thresholds for normal rolls and oblique rolls (dashed
and solid lines, respectively) are shown in a. The oblique roll’s angle
0 is plotted in b. ¢ shows the wave numbers k,, k, (solid lines), and
k, (dotted line) for oblique rolls and k, for normal rolls above the
Lifshitz point (dashed line). ® denotes the Lifshitz point. Material
parameters were taken from [21] with exception of ¢//o, = 1.8
where ¢, = 1.5-107'°Q " 'em ™', ¢, = 3.95, and ¢, = 5.25

is essential to consider a nonlinear theory. We conjec-
ture that the alteration of the bifurcation sequence
(which means that the threshold towards, e.g., grid
pattern is lower than towards rolls) could be caused
by a noise induced change from supercritical to
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subcritical bifurcation (confer [6] p. 1149 and [7]
p. 64).

In a different context, in the frame of a generalized
Swift-Hohenberg model, a noise induced change from
supercritical to subcritical bifurcation has been reported
[43]. The same phenomenon was found in an extended
Stratonovich model, where the noise couples to both the
linear and the cubic term [44].

Whereas an analysis of the full nonlinear electrohyd-
rodynamic equations does not seem to be feasible,
one could consider a phenomenological description by
Ginzburg-Landau equations with ad hoc stochastic
coefficients. This is appropriate since the derivation of
amplitude equations from the basic electrohydrodynamic
equations with a stochastic electric field is a more subtle
problem.

We are grateful to Agnes Buka, Lorenz Kramer, Adolf Kiihnel, and
Walter Zimmermann for valuable discussions. This work was par-
tially supported by the Deutsche Forschungsgemeinschaft in the
frame of the Schwerpunktprogramm “Strukturbildung in dissi-
pativen kontinuierlichen Systemen” under grant Be1417/3.

Appendix A

In the following we give the explicit form of the coeffi-
cients of system (1-3). Note the dependence of the effective
material parameters and characteristic times on both ob-
lique rolls angle 6 and wave number k.. For
e; =e3 =0 =0 the one-dimensional theory describing
normal rolls [29] is reproduced. 4, and A, are defined in
(A4).

1 4n(o, + 0,c08%0)

_ Al
T, g, + &,c08% (A1)
o, + 0,c08%
opg = COS 0 |:O'a — msa} (A2)
g, = Assindcosd(e; + es) kZ (A3)
1 2 k% a2 2
T_ = /11 _AZEt - ;(Kzzsln 5 + K33COS 5)
v
Eq€1 2
— A4
drn (e, + £,08%5) (A4)
1 — 1
ol coso(yy — 72) _ sacosé2 (AS5)
n 214 &, + &,€08°0
£,08%9 sinok?
b= [ﬂ(el —e3) — 2, + 2,002 +(ey 93)} 0 .
(A6)
1 k2
— == [Kllsinzé + K33c08%0
Ty 71
4n)% (eq + e3)? sin?6 cos?d
n T +(el 63) 5 :| (A7)
&, + &,€08°9

47(e; + e3) sindcosd
=1 A8
¢ +|: &, + &,008°6 (A8)
e, = |:i(el — e3) sind
Ji(ey + e3) sindcos?o
- ; A9
&, + £,c08%6 ba (A9)
_ 2
n=7 — cos2s (y1 —72) ,
4ny
=3[0y —cos?d 9, + 3008’0 (f + 71)] (A10)

Appendix B

The test mode for rhombic cells resulting from a super-
position of two oblique rolls with wave numbers (k,, k,)

and (k,, — k,) is given by

q(x, y,z,t) = 4(t) sink,xcos k,y cosk.z, (B1)

Q(x,y,z,t) = ¢(t) coskxcosk,ycosk.z, (B2)

9(x, y, z, t) = 3(t) cos kyx sin kyysink.z, (B3)

E.(x, v,z t) = E;,q(t)cos kyx cos kyycosk.z , (B4)
k, ~

Ef(x,y,z,t)= — k—yEind(t) sink,xsink,ycosk.z , (B5)
k.~ . .

E.(x,y,z,t)= — k—Eind(t) sink,xcoskyysink.z , (B6)

[ .
vx(xa Y, Z, t) = k— vy(t) ky - vz(t) kz
cosk,xcosk,ysink,z, (B7)

vy(x, y, z, ) = ,(t) sin k,xsin k,ysin k.z, (BY)

vAX, y, 2, t) = 0.(t) sinkyx cos k,y cos k.z, (B9)

p(x, y,z,t) = p(t) sink,xcosk,ysink,z . (B10)

v, and E, are chosen such that the conditions (14) and (15)

are fulfilled.

Appendix C
The coefficients in the system (26-28) read explicitly
1 k3 ki + k?
1 _gpofstolly +K) (C1)
T, gky + e (ky + k2)
(0.6 —0e.) (k3 + ky + k2)
oy = s C2
f ek + & (k2 + k2) €2
_ Mm3img — mymy ’ (©3)
myms — myMeg
L _ Ay — ALE}
T(p - 1 25t

_ (Ky:k2 + K22k§ + K33k3) mg

myms — MiMe



4 mykyk (K2, — Kq1) . Mg
myms — MMg myms — MMg
g7kx83 Eq 2
e |E 4
ezl
b= m6kykz(K22 — Kyy) — mymg ’ (C5)

myms — MMy
C:m1m7—m3m5’ (C6)
myms — MMg
mlkykz(Kll —K5,)
myms — Mg
_ ms(Ky k2 + Kzzkf + K3;3k3)
myms — mymeg
m kel e,
+ 2 [*‘” + —} E2, (C7)
4rn

MyMs — MM 47

d=As+ AE* =

i _ Mg + mskyk(Kq1 — K35) (C8)

T, myms — Mg

The A4, A,, A3, and A, are defined in (C4) and (C7). In
(C3-C8) we use the shorthand

o glkykz(yl + y2)

m = =" 2k N
ga | k(y1 —72) k2(p1 + 72)
N [ 2 % | ()
e — gakyk-(y1 + 72)
2 2k N
gs | k(1 —72) K2(71 + 72)
+ N[ 7 + o , (C10)
. = gskyk=(71 + 72)
? 2k N
go [ kx(pr —72)  kZ(y1 +72)
+ N[ 3 + o, — g8, (Cl11)
Me = g4kykz(yl + VZ)
> 2k N
gi [ ke(yr —72)  ky(yi 4 72)
N [ 2 2%k, | (C12)
_ gskyk-(y1 + 72)
me =71 + T %N
gz | ki(yr —72) kﬁ(’/l +72)
N |: 7 + T A (C13)
— gkakz(Vl + y2)
7 2k.N
g3 | ke(y1 —72) kf(“/l +72)
N [ 2 %, | (€14
mg = — K11k§ - Kzzkf - K33k)2c s (C15)
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where

71+ 204 43
N = —kin?—ki(kiJrk?)[thr e a“ﬂj

2
k2 k2 3
ST kr [172} — kil + K2’
Y1+ 20(1 + 20(4 + ﬁ:|

4 b

X |:'71'72 + oy
(C16)
g1 = kZk,k,

Yi+y2 | (1 + 200 +os + B) (v2 — 1)
(N 4

_ v, +
+ (k3k. + ki) [nzyz 5 Mg 1 yz} : (C17)

Yy — 7y vy 4+ N Yy —
ga = ki |:’71—/2 3 1} - k3 |:°‘4—/1 2 ﬂzg + kj |:’72—2 3 yl}
=Y 71+ 72|
_klz'kf_”lzlz 2+“41427
ity 1= 72|
—kf,ki_”]llz 2+OC414 2_
+kJ2ckz2 _(yl + 204 +2OC44+ ﬁ) (“/2_3’1) :|’ (C18)
P14+ 200 4oy + B
g3:kxkykz|: 2 :|
kyk, (k2 + k2)
y o2 B, 19
el e e 72— 71| | g it
g4 = Kx | M1 3 + Ky | N2 5 —z“4T
ity 1= 72|
—kik?_”lllz 2+cx414 2_
[ 92—y 71+ 72 |
+k§kz2_7’1222 1—36414 2_
+ k)zckg _(Vl + 20(1 + 20(2 + ﬁ) (VZ - Vl):| , (C20)
71 1) + 200y + o4 + —
gs = 12l k. | 0y 2 2 (420 40+ B2 = 90)
2 4
— +
+ (k. + kyk) [nﬂz e, ”], (€21)

g6=kx|:k,2¢1’[1 +k§%:|—|—kxk3 |:y51+a1 +OC4+§:|

ki(ki + k2
+ y( yk ) '725

ky
k2 + ey (k2 + K2

(C22)

g7 = (C23)
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(C24)
(C25)

m=3l0a—72+ 3B +70)1

na=73loa+ 72+ 3B +71)]

References

10.
11.

12.

13.

20.

21.

22.

23.

. Kai, S, Kai, T., Takata, M., Hirakawa, K.: J. Phys. Soc. Jpn. 47,

1379 (1979)

. Brand, H., Schenzle, A.: J. Phys. Soc. Jpn. 48, 1382 (1980)
. Kawakubo, T., Yanagita, A., Kabashima, S.: J. Phys. Soc. Jpn.

50, 1451 (1981)

. Brand, H.R., Kai, S., Wakabayashi, S.: Phys. Rev. Lett. 54, 555

(1985)

. Kai, S., Fukunaga, H., Brand, H.R.: J. Phys. Soc. Jpn. 56, 3759

(1987)

. Kai, S, Fukunaga, H., Brand, H.R.: J. Stat. Phys. 54, 1133 (1989)
. Kai, S.: In: Noise in nonlinear dynamical systems. Moss, F.,

McClintock, P.V.E. (eds.), vol. 3, p. 22. Cambridge: Cambridge
University Press 1989; Brand, H.R.: Ibidem p. 77

. Kai, S., Hirakawa, K.: Prog. Theor. Phys. Supp. 64, 212 (1978)
. Ribotta, R., Joets, A., Lei, L.: Phys. Rev. Lett. 56, 1595 (1986)

Kai, S., Chizumi, N., Kohno, M.: Phys. Rev. A 40, 6554 (1989)
Kai, S., Zimmermann, W.: Prog. Theor. Phys. Supp. 99, 458
(1989)

Bodenschatz, E., Zimmermann, W., Kramer, L.: J. Phys. (Paris)
49, 1875 (1988)

Horsthemke, W., Doering, C.R., Lefever, R., Chi, A.S.: Phys.
Rev. A 31, 1123 (1985)

. Behn, U., Miiller, R.: Phys. Lett. A 113, 85 (1985)

. Miiller, R., Behn, U.: Z. Phys. B 69, 185 (1987)

. Miiller, R., Behn, U.: Z. Phys. B 78, 229 (1990)

. Madhusudana, N.V., Raghunathan, V.A.: Mol. Cryst. Liq.

Cryst. Lett. 5, 201 (1988)

. Zimmermann, W., Kramer, L.: Phys. Rev. Lett. 55, 402 (1985)
. Kramer, L., Bodenschatz, E., Pesch, W., Thom, W., Zimmer-

mann, W.: Liq. Cryst. 5, 699 (1989)

Zimmermann, W.: In: Nematics — Mathematical and Physical
Aspects. Coron, J.-M., Ghidaglia, J.-M., Hélein, F. (eds.) p. 401.
Dordrecht, Boston, London: Kluwer Academic Publishers 1991
Thom, W., Zimmermann, W., Kramer, L.: Liq. Cryst. 4, 309
(1989)

Madhusudana, N.V., Raghunathan, V.A., Sumathy, K.R.:
Pramana J. Phys. 28, L311 (1987)

Raghunathan, V.A., Madhusudana, N.V.: Pramana J. Phys. 31,
L163 (1988)

24.

25.
26.

27.
28.
29.

30.

31.

32.

33.

34.
. Hirata, S., Taco, T.: Jap. J. Appl. Phys. 20, L459 (1981)
36.

37.
38.

. Lefever, R., Horsthemke, W.: In: Nonlinear phenomena in chem-

40.
. Arnold, L., Kloeden, P.: SIAM J. Appl. Math. 49, 1242 (1989)
42.

43,
44.

Raghunathan, V.A., Madhusudana, N.V.. Mol. Cryst. Liq.
Cryst. Lett. 6, 103 (1989)

Meyer, R.B.: Phys. Rev. Lett. 22, 918 (1969)

Kelker, H., Hatz, R.: Handbook of Liquid Crystals, p. 203.
Weinheim: Chemie Verlag (1980)

Delev, V.A., Scaldin, O.A., Chuvyrov, A.N..: Mol. Cryst. Liq.
Cryst. 215, 179 (1992)

Delev, V.A., Scaldin, O.A.,Chuvyrov, A.N.: Liq. Cryst. 12, 441
(1992)

Dubois-Violette, E., de Gennes, P.G., Parodi, O.: J. Phys. (Paris)
32, 305 (1971)

Goossens, W.J.A.: In: Advances in liquid crystals. Brown, G.H.
(ed.), vol. 3, p. 1. New York, San Francisco, London: Academic
Press 1978

Maheswara Murthy, P.R., Raghunathan, V.A., Madhusudana,
N.V.: Lig. Cryst. 14, 483 (1993)

Madhusudana, N.V., Durand, G.: J. Phys. (Paris) 46, L-195
(1985). As reasons for the errros were mentioned the screening of
the bulk electric field by surface counterions and the possible
existence of space charges in the bulk, related to the anisotropy
of conductivity. The effect of the latter is estimated by ~ 15%
and is commented by “which is not important in the present
stage”. Thus we assume for the impact of the screening the same
variance of 15% which gives the resulting 30% error

Dozov, 1., Martinot-Lagarde, Ph., Durand, G.: Phys. Lett. 43,
L-365 (1982)

Shapiro, V.E., Loginov, V.M.; Physica A 91, 563 (1978)

Chuvyrov, A.N., Chigrinov, V.G.: Sov. Phys. JETP 60, 101
(1984)

Smith, .W., Galerne, Y., Lagerwall, S.T., Dubois-Violette, E.,
Durand, G.: J. Phys. (Paris) 36, C1-237 (1975)

Lange, A.: Thesis, Leipzig (1993)

ical dynamics. Vidal, C., Pacault, A. (eds.), pp 120. Berlin,
Heidelberg, New York: Springer 1981
Bourett, R.C., Frisch, U., Pouquet, A.: Physica 65, 303 (1973)

Behn, U., Lange, A.: Electrohydrodynamic convection in liquid
crystals driven by multiplicative noise: sample stability. (to be
published)

FeigeI’'mann, M.V., Staroselsky, L.LE.: Z. Phys. B 62, 261 (1986)
Behn, U, Schiele, K., Teubel, A.: Wiss. Zeitschrift Karl-Marx-
Universitat Leipzig. Math.-Naturwiss. R. 34, 602 (1985); Lip-
pert, K., Schiele, K., Behn, U., Kiihnel, A.: In: Nonlinear Coher-
ent Structures in Physics and Biology. Remoissenet, M., Pe-
yrard, M. (eds.), p. 209. Berlin, Heidelberg, New York: Springer
1991



