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TRANSFORMATIONS OF THE HUBBARD INTERACTION TO QUADRATIC FORMS
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VarioustransformationsoftheHubbardinteractionto quadraticformsusedfor functionalintegraltechniquesarediscussed.A
generalisedquadraticform in termsofboth spinsandquasispinsis givenwhichcontainsonefree parameter.

Startingwith Hubbard’sfamouspaper [1] func- This set togetherwith the unity operatorhas the
tional integral techniqueshavedevelopedto a pow- structureof two isomorphic SU(2) algebras.The
erful tool for handling many-particlesystems in spinsare as usual
condensedmatterphysics.Especiallyin dealingwith ~ — + ~ + ~+

the Hubbard model and its generalisationsgreat X — 2’. 1 1

progresshasbeenachievedduringthe last20 years ~ — .1. ~ + ~ +

[2] culminatingin the so-called“unified pictureof ~ 2i —

magnetism”[31.Nevertheless,somepointsare not
completelyclarified, since for different functional S

2=5(n1—n1) (2)
integraltechniquesarisingfrom thepossibilityof re- with
writing theHubbardinteractionby meansof the fer-
mion annihilation and creation operator ~ =

commutationrules different answersto the same i [Sr,S~]— = — S.. andcycl. perm. (3)
physicalquestionsresult. Macedoet al. [4] havein
particularsolved someof the problemsby starting Furthermorethe quasispinsare
from a generalisedquadraticform in termsof spin R~=3 ~ ~‘- ~j

1- + ~, C
1)

and chargedensities.Although the transformation
introducedin ref. [4] includes almost all biqua- R~=-~ (crc, —c1c1)
dratic formsof the interactionusedin the literature 2i
until now it is not the mostgeneralform, sinceit is R2 = ~(n, +n1 —1) , (4)
restrictedto the spinalgebraonly. Themostgeneral
form has to be constructedfrom combinationsof with
nonvanishingsingle-particlefermionoperators.There R R =

are only six suchoperators: x V 2

i[RX,R}]_ =—R2 andcycl.perm. (5)
c~c~c~c~c~c~c~c c~c~cc ~

I 1’ 1 2’ 2’ 1’ 1 1 2~ / Spinsandquasispinsare connectedby a canonical
transformation[5] and commutewith eachother,
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to rewrite n1 n2, only few authors [5,6] treatquasi- the itinerant limits. Using 52/3 = S~Hamann [8]
spin algebradescriptionsbut not in the contextof obtainedthetwo-field scheme
the functional integrationprocedure.Thereis no a ~ + p~)2 —

1(n — pj )2 (13)
priori reasonpreferringonealgebra.The mostgen-
era! ansatzfor a quadraticform both in spin and studiedwell by a lot of authors,e.g. in ref. [9]. For
quasispinis a= — 3 follows immediatelyfrom eq. (10)

6 n
1n2=3(n1+n2)—~S

2. (14)
n

1n~=c0+~ (7)
From this Heisenberg-!ikeform studiedby Moriya

whereS4...S6standsfor R1 ...R3.By meansofeqs. (3) [10] onecanget an Ising-like expressionby substi-
(5), and (6) and usings~= 52= = 52/3, R~= tuting the spinvectorby its z-componentonly. The
R~= R~= R

2/3 it canbe shownthatwithout loss of resultingexpressionwasfirst introducedby Wang,
EvensonandSchrieffer[11]:

generalityeq. (7) reducesto
~ n,n

2=3(n1+n2)—3(n1—n2)
2 (15)

+b~R~+b,,R~+b..R+BR2. (8) and produces a one-field scheme. The choice
a= — ~ finally gives the representationused by

Comparingthe r.h.s.of eq. (8) with the l.h.s. it can Gomesand Lederer [12], so that all schemesde-
be immediatelyseenthateq. (8) holdsfor the coef- velopedso far are containedin the generalisedrep-
ficients a,b,,A andB determinedas follows: resentation(10). At thispointwementionthatwith

a=3 the interactionis representedin termsof quasi-
a~=a,=a.; b~=b

2=0; b~l; spinsalone:

A=—4a0 B=—4a0+~. (9) n1n2=R2+~R
2. (16)

So,at least,themostgeneralexpressioncontainsonly Again R2may be replacedby 3R~resulting in
onefreeparameter.With a= — 4a

0+3 it is designed
as n,n2R~+2R~. (17)

n,n1 =~—~a+R-+(a—3)S
2+(a+3)R2. (10) Theidentities(16) and(17) maybeusefulin deal-

ing with superconductingor chargeorderedphases
From this expressionwith a= 0 one finds of modelswitha Hubbardinteraction.Fromtherep-

n,n
2 = ~ +R2 — 352 + 3R

2, (11) resentation(17) it becomesclearthatacontribution
to the free energyarisesonly if RZs~0,i.e. if n

1 +
which wouldleadvia the Hubbard-Stratonovi~tech- n2 ~ 1, which characterizesthe“chargedmodel”.The
nique to two vectorfields. Onecouplesto the spin lattercasemay be of interestif one tries to explain
vectorSandthe otherto thequasispinvectorR pro- high T~superconductivitywithin modelscontaining
ducing a six-componentorder parameter.To our Hubbard-like interactions,which may be attractive
knowledgesucha schemehasnotbeenreportedfor asin theBCStheoryor repulsiveasin the theoryof
the Hubbardmodelyet, butwith 3R

2 =R~andkeep- magnetism.Both casesare includedsincethe above
ing in mind ~+R~+R~= ~(n

1 + n2 )2 oneobtainsthe discussionis valid for arbitraryprefactorsof n1 n2.
form We mention that Hubbardintroduceda represen-

n7n1 =~(n1+n2)
2—352. (12) tation with a local anisotropy,i.e. he replacedS~in

eq. (13) by e•Swithe beinganarbitraryunit vector,
It resultsin a four-componentorderparameterdue andrestoredrotationalsymmetryby a final integra-
to onescalarfield couplingto thechargedensityand tion overall directions.Thisideamaybegeneralised
a vectorfield coupledto the spin. This schemewas by usingeRinsteadofR~ineq.(17). Fromeq.(10)
extensively studiedamong others by Moriya and one hasto calculatethe thermodynamicalpotential
Hasegawa[7] with the resultof a quiteunified pic- in a moreor lesscomprehensiveapproximation.The
ture of magnetismincludingboth the localisedand appropriatevalueof ahastobedeterminedby mm-
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tionsto a purespinrepresentation.A moredetailed [7] T. MoriyaandH. Hasegawa,J. Phys.Soc. Japan48 (1980)
1490.

discussionof eq. (10) is in preparation. [8] D.R. Hamann,Phys.Rev.Lett. 23 (1969)95.

[9] P. Lacour-GayetandM. Cyrot,J. Phys.C 7 (1974)400.
[bIT. Moriya, J. Magn.Magn. Mater. 14 (1979) 1.

References [11] SQ. Wang, W.E. EvensonandJR. Schrieffer.Phys.Rev.
Lett.23 (1969)92.

[12] A.A. GomesandP.Lederer,J.Phys.(Paris)38 (1977)231.
[1] J. Hubbard,Phys.Rev.Lett. 3 (1959) 78.

[13]J. Hubbard,Phys.Rev.B 19(1979)2626,4584.
[2] T. Moriya, ed., Electron correlation and magnetismin

narrowbandsystems(Springer,Berlin, 1 ~8I).

204


