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To avoidthearbitrarinessof thefunctional integralmethod,originatingfromthenumerousdifferentwaysto rewrite theHub-
bardinteraction,aself-consistentprocedureis givenbasedonageneralizedquadraticform in termsof spinsandquasispins.

TheHamiltonian

H= ~ ~ �kC*aCka+U ~ ~ (1)

with c,~andc~beingcreationoperatorsoffermionsinaBlochandWannierstaterespectively,is usuallycalled
theHubbardmodel [1], if oneassumesUto bepositive, sinceit is theon-sitematrix elementof the electron—
electroninteraction.Otherwise,if U is thoughtto describea kind of effectiveattractionofelectronslike in the
simplestversionof a model ofsuperconductivity,it canbenegative.Unfortunatelythetwo cases,i.e. u>O and
u <0, are usuallytreateddifferently,due tothe differinggoalsof describingmagnetismandsuperconductivity
[2,3]. In the following it will be shown,thatby generalizationof the functional integralmethodworkedout
mainlyformagneticpurposes,it is possibleto handleboththeattractiveandtherepulsiveversionof themodel
(1) on the samefooting.

Thefunctionalintegral techniquestartswith rewritingthe interactiontermof theHamiltonianas quadratic
form. Thereare severaldifferent transformationsknown up to now within the context of magnetism,which
areall operatoridentitiesandformallyequivalent,whenapproximationsare introduced.However,employing
aspecialapproximationschemeusuallydestroysthisequivalenceresultingin differentresultsto thesamephys-
ical questions.Due to the lackof criterionwhich transformationis to be preferredthe methodis often called
arbitrary,sincethe choiceof thequadraticformpredeterminesthe results.To avoidthisdisadvantagethe au-
thors argued,that dealingwith the model (1) oneshouldnotrestrictthe variouspossibilitiesto breaksym-
metries,what is usuallydoneby adoptinga specialquadraticform,ratherthe modelshould“havethechoice”
by minimizing its thermodynamicalpotential [4]. Workingoutthis ideawe startby rewritingtheinteraction
term

n,~n~= ~(1 —a,)+R1~+ ~(a,— 1 )S~+~(a,+ 1 )R~, (2)

withSi beingthe spin vector

~ , ~ S1~=~(n11—n1~), (3)

andR1 being the quasispinvector
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R1~=~(c~c~+c1~c~,),R~=~ R1~=~(n~,+n,•1—l). (4)

Thistransformationwasshowntobea generalizationof almostall quadraticformsusedin thecontextof mag-
netism [41.However,due to the containmentof bothspinsandquasispinsin (2) it is possibleto look for
magnetism(KS1> ~0), chargeordering(<R~)~t0),or superconduction(<R,~>~&0) in a unified manner.In-
sertingeq. (2) into eq. (1) andapplying the time orderingtrick the partitionsum becomes

Z=exP(_&U~ (l+ai))tr{T~exP(_fl~)exP(_PJdTHI(r))}, (5)

with

~ (~a—/1+~U—ahex)naci, (6)

H1(t)=—~U~(1—a1)S~(r)+~U~(l+a,)R~(x), (7)

A(r)=exp(rflY(~)Aexp(—tfl~), (8)

andhex the externalmagneticfield appliedin the z-directionandmeasuredin energy units.One canimme-
diatelyseethat thechemicalpotentialp~which is knowntobe U/2 whenneutralityandelectronholesymmetry
is assumed,actsas symmetrybreakingfield with respecttoR~in the samemannerashexdoeswith respectto
S~.The lattermay be of interestwhen (1) is appliedto describesubstitutioneffectsin magnetsor supercon-
ductors.Now, the Hubbard.-.Stratonovictransformation

exp(aA
2)= J~exp(_~x2_2~~) (9)

is usedat everylatticesiteandat eachinstantof “imaginary time” to rewritethe partition sumasfunctional
integral,

~= J fl ~3x
1(r)~

3y~(r) exp{—Q~[..~j(r) y~(r)...]}, (10)

with Qa being the functional

Qa=1t ~ J dr [x~(t)+y~(r)]+lnZa[...xj(r) y,(r)...] (11)

where

Za=tr{TTexP(_P~)exP(_~U~ Jdt (~.xi~.+i~.yiRi))}. (12)

By substituting

X
1(r)=~/f~~x1(r),F.(r)=,.JT~.y,(x) (13)

onecanshift the a,-dependenceto the Gaussianmeasure
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J N ~ exp{—Q[a; ...X1(r) Y1(r)...]}, (14)

with

Q[a;...]=ir~ Jdr(~1(T)+ ~ +lnZ[...X,(r) }‘(r)...], (15)

Z[...] =tr{Trexp(_/3J~)exp(_ ~tfiU~ J dr [Xi(r)Si(x)+iYi(r)Ri(r)])}. (16)

ThereforethefunctionalZ is no longerexplicitly dependenton thea,. Now,onecanproceedin theusualway,
i.e. applying the coupling constanttrick, writing down theassociatedDyson equation,discussthe different
approximationschemesdevelopedto calculateZ, etc.,asdonee.g.in ref. [3] for the two-field scheme,which
is a specialcaseof eq. (2). Of course,the latter is outsidethe scopeof thisLetterandwill bepublishedelse-
where.However,withoutdoinganyspecialcalculationoneimmediatelyrecognizesthat foreachapproximation
the dependenceof the a,will bedifferent. Thereforethe bestchoice of the a, is determinedby the approxi-
mationemployedto calculatethepartitionsumandthe relatedthermodynamicalpotential.By minimizingthe
latter one finds the equationdeterminingthe a straightforwardly,

foralla,. (17)

Thiscriterionholdsindependentof themethodusedto evaluatethefunctionalintegral(14). However,usually
the partitionsumis calculatedby meansof the saddlepoint approximation,i.e. only theextremizing“paths”,
hereafterassignedasX~( r) andY~( z), areofinterest.By minimizing thefunctionalQwithrespectto thefields
one finds

1—:, 6X,(r) lnZIX,(~(~),Y,(~)~(T), (18)

l+a, 6Y,(r) lnZJX,(~)~(T),Y,(T)~(V). (19)

Within thesaddlepointapproximationthethermodynamicalpotentialbecomesa functionalof theextremizing
paths,which are functionsof the a via eqs.(18) and (19).Onehas

— ~ln=~U~ ~ Yr...]. (20)

From eq. (17) one finds

0 l~Q+l6QdX~l~QdY~ 3a, + ~ 2
flôa, fl6X~da1 fl8Y~da, fl(l—a?) ( 1)

Thesecondandthe third termin eq. (21) vanishdueto thesaddlepointapproximation.SinceZ dependsnot
explicitly on a, the resultingexpressionlookslike

~ l—a~+ (l_a)2JdTX~ (x)~(l+a)2JdtYi(r). (22)
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Thefields canbe expressedby meansof the meanvaluesof the local spinsandquasispins.From variationof
the functionalin Z in eqs.(18) and (19) one finds

X~)= — 1 ~:‘ ~ <S~(x)>e, (23)

Y~)= .1~:‘~/T~U<R1(r) >e. (24)

Herewe introduced

tr{T~p~A(r)} (25)
tr{ rPe}

and

~ (26)

Insertingeqs.(23) and (24) into eq. (22) yields

l—a~=~JJU(l+3Jdt<S1(r)>~+~Jdr<Ri(t)>~)=:B, (27)

which gives the two solutions

~ (l±IF+4B~). (28)

The secondterm in eq. (20) demands

1—a?=a,/B>0. (29)

Thisselects

a,=_~(l_\/l+4B2). (30)

By eq. (30) the a, are completelydeterminedandthereforeno “arbitrariness”remains.However,sincethe
a1 dependon the meanvaluesof the local spinsandquasispins,i.e. the quadraticform itself dependson the
resultswhich shouldbe calculatedfrom it, onehasto solve a self-consistentproblem.The remainingtask is
to determinethe functionalZ in a moreor less advancedapproximationscheme.Thisis beyondthe scopeof
thisLetterandwill be publishedelsewhere.

Theideaof the methodpresentedabovecanalsobe appliedif the functional integrationis carriedout by
expansionaroundthe extremizingpathsto the secondorder.Furthermore,whatis saidaboveis independent
on the specialkind of~,sinceit is relatedto the Hubbardinteractiontermonly, andthereforeothermodels,
e.g. the (periodic) Andersonmodel,may be treatedin completeanalogy.

I want to thank E. Heinerfor discussionandcritical remarks.
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